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Abstract. We investigate the Schatten-von Neumann properties of pseudo- 
differential operators using the method proposed by A. Boulkhemair in |B2| . 
The symbols are elements of the ideals of the Sjostrand algebra Sw 
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1. Introduction 

In |Alj and [A2| we developed a method that allows us to deal with Schatten-von 
Neumann class properties of pseudo-differential operators. This method is inspired 
by the classical method of Kato and Cordes used in the study of boundedness 
of pseudo-differential operators. 

In this paper we extend the results from |A1| and [A2] to more general classses 
of symbols. These classes of symbols are particular cases of modulation spaces and 
are ideals in the Sjostrand algebra Sw The method we propose here is based on a 
spectral characterization of these classes of symbols and on some results from jAl] 
and [A2| . This spectral characterization was first given in the case of the Sjostrand 
algebra by A. Boulkhemair in [B2| and it was used in the study of boundedness 
of pseudo-differential operators and of global Fourier integral operators. 

While in [Alj and [A2] the symbol spaces are defined by Sobolev-type conditions, 
the classes of symbols used in this paper are particular cases of modulation spaces 
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defined by the decrease of the short-time Fourier transform of the elements of these 
spaces. That the results of this paper are more general than the results in [Al| 
and fX2] is a consequence of an embedding theorem which states that the spaces of 
symbols used in the papers cited above are contained in symbol spaces considered 
in this paper. This theorem allows to recover and to extend all the results of the 
papers mentioned above. 

Here is a brief description of the paper. The ideals S^, 1 < p < oo, oi the 
Sjostrand algebra Sw, are introduced in section [5] . We give two definitions, a 
continuous one and a discrete one. The equivalence of these definitions and the 
properties derived from them are proven in this section. In section [3] we prove the 
spectral characterization theorem of the ideals 5^ . Then we show how this theorem 
can be used to obtain some properties of the ideals . The Schatten-von Neumann 
class properties of pseudo-differential operators and links with the results in [Al| 
and [A2] are presented in the sections that follow. We have two appendices where 
we prove some auxiliary results that we need. 

2. The Ideals of the Sjostrand algebra 

Modulation spaces were introduced by H. Feichtinger [K] and may be regarded 
as a concrete means of measuring the time- frequency content of functions. Since 
from the beginning the modulation spaces were treated by analogy with the theory 
of Besov spaces, dyadic decomposition of the unity being replaced with uniform 
decomposition of the unity. One of the reasons to do this was to characterize the 
smoothness of the functions defined on locally compact abelian groups which do 
not have dilation. Characterization of smoothness is possible by replacing dilation 
by modulation operators. Modulation spaces have found numerous applications in 
harmonic analysis, time-frequency analysis, Gabor analysis, .... They also occur 
naturally in the theory of pseudo-differential operators. 

In this section we shall study a family of increasing spaces of symbols S^, 1 < 
p < oo where S!^ = Sw is the Sjostrand algebra and 5^ is the Feichtinger algebra. 
These spaces are special cases of modulation spaces. They were used by authors 
such as Sjostrand, Boulkhemair, Toft in the analysis of pseudo-differential operators 
defined by symbols more general than usual. The study of these spaces of symbols 
will be done by extending the methods used in the papers [iSl^ and iS2j. 

We begin by proving some results that will be useful later. Their proof is based 
on the Fubini theorem for distributions. 

Let V e (M") (or (p,^p e S (M")). Then the maps 

M" X M" 9 {x, y) -^(p (x) ^l:(x-y) = {^pTy^P) (x) G C, 
R"xIR" 9 ix,y)^^iy)^P{x~y) = ^iy){ry^){x)eC, 
are in (M" x M") (respectively in S (M" x M")). To sec this wc note that 
f = {(p(g)ij) oT, g ^ {(fi (g) tp) o S 

where 



T : M" X M" ^ M" x M", T {x, y) = {x,x-y), T = 
S : R" X M" ^ M" X R", S {x,y) = {y, x - y) , S = 
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Let ueV (M") (or u e S' (M")). Then 

(M(g)l,/) = ((M(8)l)(a;,2/),(p(a;)V'(x-y)) 
= {u{x),{l{y),ip{x)tlj{x-y))) 
= {u{x),ip{x){l{y),ip{x-y))) 



(x) ,ip{x) J tlj{x-y) dy 



and 



= {l{y),{u{x),^{x)i,{x-y))) 
= J {u,ipTyi})dy. 



It follows that 



(u, V) = j {u, fTyip) dy 



valid for 

(i) ueV (R"), V' G (M"); 
(ii) mg5'(R"), <^,V'e<S(K"). 

We also have 



and 



{u(g)l,g} = {{u(g)l){x,y),ip{y)ip{x-y)} 

= {u{x),{l{y),if{y)ip{x-y))) 

= {u{x) ,{^p*il)){x)) 

= {u,ip*ijj) 

{u^l,g) = {l{y),{u{x),ip{y)^{x-y))) 

= j 'P{y){u,Tyip)dy. 



Hence 



{u 



= j V (2/) {u, T-yip) dy 



true for 

(i) ueV (M"), ip,ipe Co°° (M"); 
(ii) ue5'(M"), (/9,V€5(R"). 

Lemma 2.1. Let G (R") (or G <S(R")) and w G (R") (or u G 
5'(R")). T/ien 

(2.1) V'^ (u,^) = J {u,(pTyijj)dy 

(2.2) {u,ip*ip) = j if {y) {u, TyTp) dy 
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Corollary 2.2. Let ip,'4j eS (M") and u e S' (K"). Then 

(2.3) ip*^p{D)u = j ip (rj) ^ {D - rj) udr] in S' (R") . 

Proof. Let f eS (K"). Then 

= J ^{v){{:F-'f)u,Tn^)dv 



j V iv) V (• - V) u, f) dr] 
J Viv) {-^ {D-v)u, f)dr]. 



□ 



Lemma 2.3. (a) Let x S (K") and u G S' (R"). Then xm G 5' (M") n C^, (M"). 



(b) Let ugV (M") (or ugS' (R")) and x € C^f (M") (or x G 5 (R"))- T'/ien 
R" X R" 9 (y, O^ii^ (?) = (^^, e-^<-'«>x (• - 2/)) e C 
is o C°° -function. 

Proof Let g : R^ x R^ ^ R, g (a;, = {x, 0- Then e"^* (u ® 1) e ,S' (r^ x R^) . 
If V e 5 (r^^ , then we have 

(e-^«(u0 1),X0 = (w® l,e-^«(xO<i5)) 

= (n(a;),(l(0,e-^«(-'«x(a;)v(Ol 
= (u(a;),x(a;)(l(0,e-^<-'«>v(0; 
= (w, X^) = (XW, V') 

and 

(xu,v) = (e-^«(u(g)l),xOv) 

= (l(0,(«(a;),e-^<-'«>x(a;)<p(C); 
= (l(0,^(?)(z^,e-^<-'«>x)) 
= (l(0,¥'(0(e-^<-'«^^*,x) 
= y^(0(e-^<-'«>n,x)d^ 
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This proves that 



□ 



Let u e P'(R") (or u G 5' (R")) and x e (M") (or x e 5(R")). For 
1 < p < oo we define 



sup. 



r [0, +c3o) , 

\uTyX{S.)\ if p = 00 

,1/P 



(I {"UTYX (Of ^y) "if l<P<oo ' 



xi--y) 



U-^^oo is a lower semicontinuous function. If 1 < P < oo, then we proceed as 
follows. The function 

p 



x{--y) 



is continuous. Then we use theorem 8.8 (a) of |Rul| to obtain that the function 

^y 

is measurable. Hence U^.p is a measurable function for 1 < p < oo. 

Suppose that there is x G C^f (R") \ (or x e 5 (M") \ 0) such that the function 
U^^p belongs to (R"). 

Let X G C(f (R") (or X G 5 (R")). By using dUI]) we get 



UT^X (C) = 



u, e ^^'"^^T^x 



l|2 



IIxIIl^ 



Next we evaluate 



\ 6.x. 



-1 (e-i^«) (r,x) (r,x)) {v) = C^tt)-" J e^^-'"-«> (r,x) (:^:) (r,x) (2;) ' 
Using the identity 

{r, - 0^'' e^<^'"-«> = (1-A)'= (e^^^''-?^) (x) 
and integrating by parts we obtain the representation 

= (2^)-" / e^^-''-^) (1-A)^ ((r,x) (r,x)) (x) dx. 



There is a continuous seminorm pk on 5 (R") so that 

(27r)-" (1-A)''^ ((r,x) (T,x)) (2:) < Pk (x) Pk (x) - ^y'"' {x - yy'" 



< 2"V- (x)Pfc (X) {2x-z- yy^" {y - z) 



-2k 
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Here we used the inequality 

(x)-'^ (F)-'^ <2^{x + y)-^ (X - y)-^ , x,Y€ 

which is a consequence of Peetre's inequahty: 
{X + Yf <2f{Xf {Yf 



{X + Y)^ {X - Y}" < 2'" {XY" {Y) 



N ^ r,N / v\2N ix^\2N 



{X-Yf <2^{Xf (Y)'' 



We choose ^ = [f ] + 1 such that n + l<2k<n + 2. Returning to the integral 
we obtain 

^-1 (e-^<-'«) (r,x) (Tyx)) iv) 

< (x)Pfc (X) iv - 0"'' {y - z)-^' J{2x-z- y)-^'' dx 



< 2 



2k- 



■2k 



-2k 



<C{rj-0-^\y-z)-^\ 



where C = C;^,x,n ~ 



2^Pk{x)Pk{x) (•) 



-2k 



. Hence 



jr-i (e-i(-.«> (r,x) (r,x)) {v)\ < C {v - C)"'' {y - 



2fc 



Further 

llxlli 



dydf] 



^{0\<JI \^{V)\ \:F-' (e-^<-'«> (r.x) (r,x)) (^) 
<cjy \uf;x{v)\'{y-z)-"'dyy' (1 (y-^)-''=dt/y^'(77-0"''d7? 



= C 



-2fc 



1/9 



1/9 



i/p 



C 



-2k 



') 

f 

/ f{z,v){v- 



where 



and 



/ {z, vY = j l^tTyx (»y) r {y- z)' 



■2k 



dy 



LP 



-2k 



-2k 



1/p 
1/p 



\ 1/p 



ON SCHATTEN-CLASS PROPERTIES OF PSEUDO-DIFFERENTIAL OPERATORS 



7 



Next we apply the integral version of Minkowski's inequality. We obtain that 



(/ 



UT^X (0 



i/p 



< 



c 


(.)-- 


1/9 









l|2 



J \\f{;v)\\L. iv-O-^'^v 



c 


(.)-- 


1/9+1/p 









\x\\% 



c 










LI 



11x11 



i2 



Hence 









LI 



Pk ix)Pk {x)u^,p*{-} 



-2k 



with * ?7x,p e V- (M") since A; = [f ] + 1 implies that (•)"^'' e (M"). 

Definition 2.4. Lei 1 < p < oo. VFe say that a distribution u G V (R") belongs 
to (]R") if there is ^0° (^") ^ ^ ^^^'^ ^'^'^^ ^'^^ measurable function 

C/x,p :R" ^ [0,+oo), 

_ / supyg]a„ |w^;x(0| «/ p = oo 

(0 = e"^^''*>x {--y)] 

belongs to (M"). 

Until now we have shown the following: 

Proposition 2.5. (a) Let u € Sp (R") and let x e (R"). Then the measurable 
function 



U^,p:W ^ [0,+oo), 



sup 



FTyX(0| «/ P = 00 

' I (/I^^COTdy)'/^ 1/ l<p<oo 



belongs to (M"). 

(b) // wefixx^ (K") \ and if we put 



i/ien ll'llgp ^ is a norm on S^, (M") and i/ie topology that defines does not depend 
on the choice of the function x € Cq° (M") \ 0. 
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Let k be an integer > or fc = oo. We define the following space 

BC'' (R") = { / e C*" (M") : / and its derivatives of order < k are bounded} . 



= max sup 
J<' xex 



/(^) (x) 



< 00, I < k + 1. 



To obtain an equivalent definition of the space 5^ (R") we need some prepara- 
tion. If £i, ...,e„ is a basis in M", we say that F = ©"^^Zej is a lattice. We shall 
use the following notations: 

C = Cr= |f]i,ej:(fi,...,i„)e[0,l)"|, 

= Cr,7 = 7 + Cr, 7 e T. 
Let s > n. We consider the function 

/, {x) = J2{x + 7)-^ < r/' {xy J2 (7)"' < oo. 

Then e SC°° (M") and is T-periodic. 

Let x,y G C. Then using Peetre's inequality we obtain: 

Mx) = ^(a;-2/ + y + 7)-^<2^/2(:r-yr^(2/ + 7>-^ 

< r{xr{yrMy) 

< r(^sup{zr^ My), 

i.e. 



(2.4) 



/,(x)<2Msup(^)M fs{y). 



Since fs € BC°° (IR") and is F-periodic, it follows that there are xq, yo & C such 
that 



fs {xo) = sup fs (z) , fs (yo) = mi_fs {z) . 



Then 



If we note that 



/. (yo) < 



1 



vol (C) 



fs (y) dy < fs (xo) . 



fs{y)dy = ^{y + 'y) ^dy = ^ {y) ^ dy = {y) ^ dy 



then we get 



fs (yo) < ^^l^tz) j '^y^fs {xq) ■ 
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Using (12. 4p we obtain that 



zee 



< fs{xo)<2' (sup(z)M f4yo), 



(^sup (zy^ /, {xo) < ^^^^ J dy < V |^sup (z)^^ /, (yo) • 
For 2: g C we have 

/. {x) > fs iyo) > 2-^ (sup {zy] / {y)-' dy, 

\ zee 



vol(C) 



Since fs is F-periodic, it follows that 

2- (sup (.>^) ^ / d, < /. (.) < r (sup izr^ -L- J d, 

for any a; € M". 

Thus we proved the following result. 

Lemma 2.6. Let s > n. Then for any x G M" we have 

2-- {sup,^^ {zyy' f ^\-/ ^ ^ 2- (sup,gc(^)^)' f,.^s^ 

J(y) dy<}_^^{x + j) < J{y) dy. 

Let F C R" be a lattice. Let V e 5(M"). Then E^gf = Et-gf^I' "7) 
is uniformly convergent on compact subsets of R". Since d°'ip S 5(]R"), it follows 
that there is * G C°° (R") such that 

* = ^T^V = mC°°(R"). 
7er 7GF 

In addition we have r-y^ = ^' (• — 7) = 'J for any 7 G F. From here we obtain that 
* G BC°° (R"). If ^{y)^0 for any y G R", then i G SC°° (M"). 
Let G 5(R"). Then 

jer 

with the series convergent in S (M"). 
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Indeed we have 

, fc 



J2 i^f Id'^fix) (2^-7)1 
7er 

< sup (y)| J2 i^)' ^> (^) - 



< 2^ sup l^''^ (y) I sup (z>'=+"+^ |a> (z)| ^ (7)—' • 

This estimate proves the convergence of the series in S (R"). Let x be the sum of 
the series X]7Gr V ('''■y'^P) (K"). Then for any y S M" we have 

7er 7er 

So y'* = E^er K^) in5(R"). 

If ^ g (M") and 5 (M") is replaced by C^f (R"), then the previous obser- 
vations are trivial. 

Corollary 2.7. Let u E V (R") (or w e 5' (R")) and ijj, (p E (R") {or il),^p E 
S (R")). r/ien ^ = X;7er '^7'/' e BC°° (R") is T -periodic and 

{u,Lp^) = X (">V(t7V')) ■ 

7er 

Let r c R" be a lattice. Let ueV (R") (or u E S' (R")) and x € C^f' (R") (or 
X G 5 (R")). For 1 < p < 00 we define 

C/r,x,p,disc : ^ [0, +c») , 

r sup^£r|"^(C)| «/ P = oo 

i (Lt-gf F'^7X(4)| j y l<P<oo 

Suppose that there is x e (K") (or x e 5 (R")) such that 

7er 7Gr 

and C/r,x,P,disc e (R")- Then ^ G 6C°° (R") and both are L-periodic. Using 
corollary 12. 71 actually the representation in (R") (respectively in S (R")) 



7er 
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we obtain that 



7er 



7er \ ^ 



Let X G C(j" (R") (onx&S (M")) and let T c R" be another lattice. If put 
ip = e~^^ '^V;yX, 7 e r, in the above representation, then we obtain 



u,e ^^''^^T^/x 



J2 (u^,:F-' (e-^<-'«>:^ (r^x) (t,x))) • 



7er 

Now we continue as in the continuous case. We evaluate 



Using the identity 

(^_^)2'=ei<-.''-«> = (l-A)'= (e^^-'^-i)) (x) 
and integrating by parts we obtain the representation 

= (27r)-"y e^^-'^-f) (1-A)'= (1 (r^^x) (r^x)) {x)dx 
There is a continuous seminorm on <S (M") and C = ^ ^ p p > so that 



(1-Ar (-(r^x)(r,x))(a;) 



< C'Pfe (x) Pk (x) (a; - 7) ^'^ (a; - 7) 



< ^"'Cpk (x) Pfc (x) (2a; - 7 - 7) (7 - 7) 
Here we used again the inequality 

(X)-^^ (y)-^^ <2^ {x + y)-^ (X - y)-^ , x, y e 

which is a consequence of Peetre's inequality. 

Next we choose k = [f ] + 1 such that n+l<2k<n + 2. Returning to the 
integral we obtain 



~\-2fe 



^-1 (^e-^<-'€>l(r^x)(r7X)) W 



< 2"'Cpk ix)Pk (x) - 0"'"^ (7 - 7>"'' j {2x-z- dx 
< 22'=-"Cpfc {x)Pk (X) W - 0-'" (7 - 7)-'' 



-2k 
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where Cx,x,„ = 22Cpfe (x)pfc (x) (•) 
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Hence 



Further, by using Holder's inequahty and lemma [2?6l we get 



<Cx,x,n (^-0"'' (7-7) 



d77 



> -2fe 



1 



\7er / \7er 



1/9 



-2fc 



1/p 



< c ~ 



(77 -0 ^''d-V 



-2k 



1/9 



<c' ~ 

— X,X,n 



-2fe 



1/9 



/ (7, ^) (7? - C) ^'^ d77 



where 



)2fe 



7er 



2k 



vol (C) 

Next we apply the integral version of Minkowski's inequality. We obtain that 

i/p 



'v7er 



< C" - 

— X,X," 



1/9 



LI 



< c' 



-2fc 



1/9 



— X,X,n 



-2k 



1/9 



-2fe 



1/p 



- ^>^,X,n (■) 



-2k 



.p. disc 

(77) (?7 - dry 
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where 



c'l.,=cL 



X,X,n X,X,n 



vol C 



Hence 



TT~ < C" ~ 



(•) ^1 C^r,x,p,disc * (•) 



-2k 



with ?7r,x,p,disc * {■)~^'' e (M") since A; = [f ] + 1 implies that (•)"^'' e (M"). 

Definition 2.8. Let 1 < p < oo. H^e say that a distribution u € V (K") belongs 
to (I^") */ there are a lattice T C M" and a function x G (K") wzi/i i/ie 

property that 

^ = ^r,x = I^tXI > ^ * = *r,x = 1^7X1^ > 

such that the measurable function 

C/r,x,p,disc : K" ^ [0, +oo) , 

{sup^gP I itT^ (^) I daca p = oo 
(^L76r |"'^7X(4)| J "flca l<p<(X) 
w>X (0 = (^^. e"'^''^^X (• - 7)) • 

belongs to (R"). 

We showed that the definition is correct, i.e. it does not depend on the choice of 
the lattice F and the function x G Cq^ (M") with the property that 

^ = *r,x = E l^^^l > ^ * = *r,x = E l^^^l' > 0- 
7er 7er 

More explicitly, we have the following result: 

Proposition 2.9. (a) Let u G S'^,disc (l^")- Let V C W be a lattice and % e 
Cq" (R"). T/ien </ie measurable function 

C/r,x,p,disc : M" ^ [0, +oo) , 

sup^gP |?i7%J/\; daca p = oo 

IT I 

{0 = {u,e-'^-'^> X {■-!)) ■ 

belongs to L^ (M"). 

(b) // we fix r and x G (K") wii/i the property thai 

* = *r,x = Y l^^^l > ^ = '^r,x = E 1^7X1' > 
7er 7er 

and if we define 



( (L7er r'^7X(?)| ) «aca 1 < p < oo 



t/ien ll'llgp p ^ is a norvn on -S^^disc (I^") '^^'■'^ topology that defines does not 
depend on the choice ofT and x € Co° (I^")- 
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Remark 2.10. Ifx^ C,f (K") \ , then there is a a lattice T C M" sueh that 

Let 5>0,xe M. We have 

X + [-5,5] = [x-5,x + d]c {[x] - [5] - 1, [x] + [S] + 2) 

which impHes 

caTd{Zn{x+[-5,5])) = caTd{Zn[x - 5,x + 5]) 

< card {{[x] - [5] - 1, [a;] + [5] + 2) n Z) 
= 2([^] + l) 

So for xeW,5>0 

card (Z" n (a; + [-^, 5]")) < (2 ([5] + 1))" = N {5) . 
Let X e (M") which verifies 

XI Xj = 1, Xj = T-jX = x{--j), i e Z". 

Let (5 > be such that suppx C [—5, 5]". For y e M" we put 

J, = {j e Z" : (Tyx) {r,x) + 0} 

Then Jj, C Z" n (y + [-25,2(5]"). Indeed, if j e Jj,, then there is x e so that 
X (a; — 2/) X (a; — j) 7^ 0. It follows that 

x-y,x-je suppx ^ j -y G suppx - suppx C [-25, 25]" 

so 

ieZ"n(2/+[-25,25]"). 

We get the estimate 

card(Jj,) < (2 ([25] + 1))" = N (25) 

with N (25) independent of y. Let us note that if j G Jy, then y — j G suppx ~ 
suppx = K which is a compact subset of M". 
Let ueV (M"). Since 

^vX = XI '^'^■J'^) ^'^y^^ = X (^'^■J^) ('^2'^) 

we obtain 

UTyX = X (^^jX) (TyX) = (27r)^" ^ * ^ 

= (27r)-"X^*(^"'^'''^^) 
which implies the estimate 

\uTyx\ < (27r)"" X Xk (2/ - j) |^?^| * Ixl • 
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Using Holder's inequality and the estimate card (Jy) < (2 {[26] + 1))" = {26) we 
continue as follows 

\uTyX{0\ < (27r)""y" I^Yl XK{y-j) \utJx{v)\^ lx(C-??)|dr/ 

[^XK{y-j)\^iv)n Em \xi^-v)\dv 

jeJy J \jeJy J 

i.e 

|«f;x (0 1 < (27r)-" N {26)'/" J f {y, r?) |x - r?) | dr? 

where 

f{y,v)^ = ^XK{y-j)\uTjx{v)\'', 



ll/(->»?)llLp(dj/) 

= |/^|'/^C/zn,x,P,disc(??). 

Once more we apply the integral version of Minkowski's inequality. We obtain that 

f^x,p(o = (/ i«?;x(or<it/) 

< (27r)-" N (25)^/" 1 11/ {■,v)\\LH^y) \x - ^)l dr? 
= (27r)-" iV {26)'/" \K\'/P J U^^,^,,,,,,, (ry) \x - r/)| dr? 

= (27r)-" Ar(2<5)i/'' \K\"^ {U^n * |x|) (0 



I.e. 



Let 



1 


1' 


n 




.~2' 


2 


= ^00 





For X G (M") let i/- G (K") be such that ^|suppx-c = 1- Then for any y€Cj, 
Ty^ = 1 on suppTjX- 
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Let M e P' (M"). Since 

UTjX = (uTytp) {tjX) , y = j + C, 

it follows that 

uf~x (27t)"" uTytl) * t]x = (271")"" UTy%p * (e'^^-'-'^x) > 2/ G = j + C, 
which gives the estimate 



|w?jX| < (27r) " UTy'^ 



y€Cj=j + C. 



By integrating with respect to y on Cj and using Holder's inequality we continue 
as follows 

\ufjx (0| < (27r)"" Xciy- j) UTyip (t?) Ix - v)\ ^V^V 

n [jxc{y-j)^y\ lx(C-'7)|dr? 



< (27r) " / Xciy-j) UTyi) {rj) 



dy 



i/p 



I.e. 



where 



< (27r) "y (^y Xc(y-i) w'^i/V'C'?) dj/) \x{^-v)\<iv 

^(01 <(27r)-"y /,(r?)|x(C-r/)|dr, 
y" Xciy -J) UTy^{r]) 



fAvf 



dy, 



/ (y - j) (r?) 



i/p 



dy 



dy 



i/p 



UTy^ (rj) 
= U^,p iv) ■ 

We use the integral version of Minkowski's inequality in P. We obtain: 

< (27r)-"y \\{fj{v))jljx{^-v)\dv 
= (27r)-" / U^,p{v)\x{^-V)\dv 



I.e. 



Uz^,x,p,d±sc < (27r) " U^^p * 
We proved the following result. 
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Lemma 2.11. We have the estimates 

C^Z",x,p,disc < (27r) " U^^p * Ixl • 

Corollary 2.12. = ^^^,,3, (M"). 

Corollary 2.13. Let 1 < p < q < 00. Then 

Si (K") c SP (M") C SI (M") C S^ (R") = Sy, (M") C BC (M") C S' (M") . 

Proof. The inclusions 

Si (M") c 5P (K") c ^« (R") C S^ (M") 

are consequences of the well known inclusions <Z P <Z l'^ <Z l°° . 

Let u e 5^ (R"). Let % e (R"), x (0) = 1 be such that the lower semicontin- 
uous function 

U-x^-.W ^ [0, +00) , 
Ux{0= sup \uTyX{C) \ = sup (u,e-^<-'^>x(- -y) 

belongs to (R"). 
For y e R" we have 

wF^X&L^iW), \\v^\\^,<\\U^\\i^,. 

Since 

UTyX = T-^ (m^) = (27r)-" y e^<-'«>wf;x (0 d^, 
it follows that UTyX e (R") for any y e R" and 

||wrj,x|lz,oc < (27r)"" < (27r)"" ||J7x||^i . 

Hence u e BC (R") and 

|u(y)| = \(uTyX){y)\ < WuryXhoo < (27r)"" IIC/^IIli > 



□ 



Lemma 2.14. Let f,g G S (R") and u >1. Then for any s > 

< (0 = / 1/ Ml .\g{^-r^)\a^< 2^2 ||(.)« /ll^, ||(.)« (^)- 

Proof. We use Peetre's inequality and (t?) < (z^??). Then 

< 2^/2||(r5lLooy'z^"l/MI Wdr? 
= 2^/2||(r5lLoo|Kr/llL- 



□ 
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Definition 2.15. Let (u,.)^^^ C (M") and u e S' (M"). We say that ^ u 
narrowly, if u weakly in S' (R") and if there are x G 5 (M") \ and U G 

(M") such that 



{!\^x{0\^Ayf''' <U{i) if l<p< 



V en. 



Remark 2.16. Let us note that the definition is equivalent to: 

Let (u^)^^^ C S'P (R") and u G 5'(R"). We say that ^ u narrowly, if 
^ u weakly m S' (M") and tf for any x e 5(R") there is U ^ E L^ (R") 

such that 

SUPj^GR" < if P = 00, 

G N. 



Lemma 2.17. (a) If ^ u narrowly, then u £ (R"). 
(b) (R") is dense in (R") for the narrow convergence. 

Proof (a) Let X e 5 (R") \ and L/ G (R") such that 

SUPj^gR^ |?VT^(0| < */ P^OO, 

G N. Since 

then using Fatou's lemma when 1 < P < oo we obtain 

suPj^gR„ |ur^(C)| < P = oo, 

<hminf/|^(C)rd2;<C/(Cf ^-P<oo. 

(b) Let M G SP (R"). Choose x G Cff (R") such that / x = 1- Let G C^f (R"). 
Then applying the equality p.ip we obtain 

ip*u= {u,T.(p) = J {u, {r.if}) Tyx) '^y = J {^TyX, r.ip) dy ^ J ip * (uTyx) dy 
and 

{ip^u)T^X = J [V* {uTyx))TzXdy■ 
T]le support of the integrand is contained in [z + suppx) H (j/ + supp(^ + suppx) • 
This set is a nonempty set if and only if y — z G suppx ^ suppx ^ suppi^a. Hence 
the integral is calculated on the compact set z + suppx ^ suppx ^ supp(^. It follows 
that 

{ip*u)T^X = j {V> * {UT z+yX)) T zXdy 

suppx ~ suppx ~ suppc^ 

= (27r)~" j • ifF^x) * T^Xdy 

suppx ~ suppx ~ suppiyS 
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which imphes 

{if * U) T^X iO 

— suppx — swppif (y) \uT7^xii~v) \ \x{v)\^vAy 

— suppx— suppi^ {y) h^vHTxlC-??)! \x{-n)\^v^y 
Next we apply the integral version of Minkowski's inequality. We obtain: 



dz 



i/p 



<(27r)-" 11(^11 



V- suppx - suppx - suppijs 



{y) \x {■>!)] (y^j \u^rZ^xi.i- ^-n^y 



(27r) ll^-^lli j J Xsuppx — suppx — suppcp 

< (27r)"" ll'^^lli vol (suppx - suppx - supp(^) J U^^p {£, - r]) \x dr] 

< (27r)"" vol (suppx - suppx - s\ipp(p) U^^p * \x\ {£.) 
Let eC^ (M"). Then 

i/) ((^ * u) T^x (271-)"" ^*{ip*u) T^x- 
and another use of Minkowski's inequality implies 

i/p 



V'(</3*U) T^X(0 



p \ 1/p 








dz\ < (27r)"" 




•(/ 


(V3*u)t3x(-) 



dz 



(0 



< (27r) ^" ||<y3||i vol (suppx - suppx - supp(/?) V * C/x,p * Ixl iO ■ 

For u > 1, u e N we set Ui, = t/i (-) (^(pi_ *uj where ^ e (R") satisfy 

t/) (0) = 1, (y9 > 0, / (/? = 1, (,51 = v^ifi (v-), suppx U supp(/3 C B (0; 1). Then by 
using lemma 141 we get 



Tp (-) (<^i *u) T2X(C) 



dz 



<(2^)-^"3"vol(i?(0;l)) i;"V(^^-) Hxl * f^x.P (0 

< (27r)-2" 3-vol (i? (0; 1)) C^+,^„'^,^ * U^^p (C) 

. Since li,, e (K"), u,, - 



where C ^, 7 _ = 2("+i)/2 

u weakly in S' (R") and 
in S^j (R") for the narrow convergence 







/ \ ri+1 ^ 


LI 


(■> X 





* C/x,p e (M") we obtain that C, 



If (R") is dense 



□ 



Remark 2.18. In vrovosition \3.10\ we shall prove that S (R") is dense in 5^ (R") 
when 1 < p < 00 (see also proposition 11.3.4 in [Groj ). 
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Lemma 2.19. The bilinear map (M") x Sn, (K") 3 {u,v) -> uv SI (M") is 
well defined and continuous. In particular, (M") is an ideal in Sw (R") with 
respect to the usual product. 

Proof. Wc fix X e (K") \ 0. Let (w, u) G Sp (R") x S^, (K") and let C/^.p- 
1/ ^ rimn-j^g ^j^g measurable functions defined by 



1/p 





[0, +oo) , 




(/ 


(M,e-^<-'«>x(- 




sup 
3/eK" 


(«,e-^<-'«>x(- 


-»>: 


sup 


(«,e-^<-'«>x(- 


-I/) 



Z7x(0 = sup |urj;x(0| = sup 

j/SR" j/eR" 

Since x^ G C^f (M") \ and 
it follows that 

uv'{7^^)\ < (27r)-" Iwvtl * \v^\ < (27r)-" juf^xl * ''^x. K"- 
If 1 < p < oo, then the integral version of Minkowski's inequality implies 



(/ 



i/p 



i/p 



with * e (K"). Hence £ Sf, (M") and 
If p = 00 then 



implies 



lluw||g^_^2 < (27r) "IImIIc. Ilf 



□ 



Theorem 2.20. Sf^ (M") with the usual product is a Banach algebra. 

Proof. Assume first that 1 < p < oo. Let {wt;}^^^ ^ Cauchy sequence in 
SI (M"). Since we have the topological inclusion 5^ (M") C BC (M") and BC (R") 
is complete, it follows that there is u G BC (R") so that u in BC (R"). Recall 

that for (/? G <S (R") and u e S' (R") we have ^ G 5' (R") n Cf^; (R") and 
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Since we have 
sup 



it follows that 



{U - U-u) TyX (C) 



= sup 



< sup ||u — 



lim sup 



— \\u — UvWqq IIxIIi,! 

= 0, 



Let ii" C K" be a compact subset. Since 

i/p 



a 



(U - W«) TyX iO 



dy 



< 



K 



iu~ Uy)TyX{0 







dyj + 





{U^ - U„) TyX (0 



i/p 



we obtain that 



Next from 



1/p 

dy ) < liminf 



a 



{U^ - U^) TyX (0 



dy 



i/p 



Jk 



dy 



i/p 



< 



it follows that 













dyj + 


a 


{U - U^) TyX iO 



p \ 



1/p 



lim sup 

ly — *oo \J K 



{U^ - U^)TyX{C) 



1/p 
dy) < 



K 



{U - U«) TyX (0 



dy 



Hence 



K 



{U - U^) TyX (0 



dy 



1/p 



lim 

I/— ^oo 



if 



(U,. - U^) TyX (0 



dy 



1/p 



1/p 



Let £ > 0. Then there is AT g N such that u,k> N implies 

— p y/p 

{u^-u^)TyX{0 dyj <£. 

Then using Fatou's lemma ( / liminf < liminf / ), we obtain that 

1/p 



/a 



{U-Uf,)TyX{£,) 



dy d^ 



< liminf 



K 

< lim 



dy 



1/p 



{U^ - U^)TyX (0 



dy < £. 
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Hence 



liL 



1/p 

dy] < £ 



for any compact subset K CMV". Using Lebesgue's monotone convergence theorem 
we obtain 

{u - w«) TyX {£.) dyj d^< e. 

Hence u € S^^ (K"), u = u — Mk + Mk, and — > u in (R"). 
If p = cxD we proceed similarly substituting with supyg^n . 
According to the previous lemma we have the continuous maps 

5S (R") X 5S (M") ^ 5S (K") X 5^ (K") ^ 5S (M") , 
{u, v) ^ {u, v) uv. 

This implies that (K") with the usual product is a Banach algebra. 



□ 



Lemma 2.21. (a) Let \:W he a linear isomorphism. Then uoX e Sp (M") 

for any u G (M") and the map 



SP (M") 3u^uoXeSP (K") 



is continuous. 
(b) The map 



SP (k"') X Si (m"") 9 {u', u") ^ u' ® u" e Si (m"' X K"") 

is well defined and continuous. 

(c) Let L C M" be a linear subspace. Then the map 

SP ^u^uiL&SP (L) 

is well defined and continuous. 

Proof, (a) Let x € (M") \ 0. Using the equalities 

^ = |detA|"^uo*A-\ t;e5'(M"), 
{uoX)TyX = (u-TAy (xo A"^)) o A, 

we obtain 

{u o A) TyX = |det A|~^ u • Txy (x ° A~^) ° *A~^. 

It follows that 

^ ' «-T,7J^A-i)(*A-ie) 



sup 



(uoA)rj;x(0 =|detA| ^ sup 

yes."' 



if p = oo and 

J \{u7xyryx{0 



1/p 



^ry (xoA-i)(*A-iC) 



dyj =|detA|-i-^/^(y 

if 1 < p < oo. Finally, for 1 < p < oo we have 

\\u o AlU. = |det A|-^/^ IklUs.xoA- > « e 5S (M") 



dy 
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(b) This part is trivial. Let x' G 5 (iR"') \ and x" € S {w""^ \ 0. Then 



X = X 



sup 

y',v" 



and 



{u' u") ■ r(y/,y//)X = u'Ty'x' ® U"Ty"X", 



(w'®«")-T(,,,^")X(C',n 



= sup 

y' 



u'Ty'X' (0 sup W'TynX" (^") 



iu'(3u")TyX (0 



i/p 



1/p 



■(/ 



u"Ty''X"{C) dy" 



i/p 



which imphes 

||«'®«"||sP,^ = ||z*'IU.,,,||n"|U.,^„ 
(c) Let K" = M"' X M"", V e <S (R") ,ueS' (M") such that e (M") . Then 

(x', x") = (27r)-" 1 1 e^(^''«')+i(-"'€")^ (^', d^'d^", 

^«(x',0) = (27r)-"' /e^(-' (OdC', 



where u'^ G (w^ j is given by 

(0 = (27r)-""y^(e',nde"- 



It follows that 



^M^' ((V'«)|M.') = (?') = (27r)-"" y ^« d^. 



pn „ Ttpra 



The first part shows that wc can assume L ~ K" x {0} where M" = JK" x . 
The case p = oo. Let x' e <S (r"') \ 0, x" G (^R"") , x" (0) = 1. Then x = 

X' ® x" e 5 (r"' X R"") \ 0. Let u G (R"). Then (0 = sup^gR„ \u^{0\ 
is a lower semicontinuous function, U^> and U-^ G (R"). Define 



Then C/^ > 0, t/^ G (r"') . 
Since 

^Rn' (U|R„' • Ty'X') (C) 



(«^(y',0)X)|Rn' 



it follows that 



sup 
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Hence u^^n' G ^K" ^ and 



r/ie case 1 < p < oo. Since Cq° (M") is dense in Sf^ (M") for the narrow conver- 
gence, we can assume that ugC^ (K"). Let x' e Cg= (w"'^ \0, x", V^C^ (iR"") , 
/x" {x") dx" = 1, (0) = 1. Define 

= "iR^/ = «;|K„/ , v{x')=u{x',Q)=w{x',Q) 
w = w (a;) = u (a;) (a;") . 

We shaU calculate J^^n' {u^^n' ■ t^'x') (C')" A'' = n + 1. Then 

(^') = (27r)-"" I (I u (x) (x") r,,x' {x') e-^<^'«>dx) d^' 
= (27r)-"" J (^J (^Ju{x)cp {x") Ty,x! {x') Ty.x!' {x") e-^<-'«>d?/") d,x^ d^ 
= (277)-"" I (I (ju{x)^ {x") Ty,x' {x') r,.x" (^") e-^^-'^^da;) dy") d^" 



We have 



u (x) (x") Tj/X (2;) ' 



(2/'f^dx)(2/")-^"dy")de 



2W J // \ .i-ll 



(y")'^= 5: c^px"-{x-y)" 

\a+l3\<1N 

with Ca/3 constants depending only on n, a and (}. We get 

(y")^^ </5 (x") TyX (a;) = Cocffifc, {x") TyXp (a 

\a+(3\<2N 

with iy9^ (x") = x""(/? (x") and X/3 (a;) = x"^x {x)- Hence 

VTy'X' = ^ Cal3Jal3{y',£,') , 

\a+l3\<2N 



dy d^ 



where = u (1 (g) (y^Q,). Using Holder's inequality we obtain the estimate 

\Jap{y',0\ < J [J\^a{^yX0{O\{y"y''''iy"yf 

< j[j \u^Jx)7-yX0{o\ ^y')''' (/ {y")-"''' ^y")"\" 



= Ca 



Uoc{x)TyXp{0 V ciC". 



1/p 
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with 



1/9 



Now the integral version of Minkowski's incquaUty impHes 
If we combine these inequahties, we obtain 



i/p 

dy 1 d^" 



< (27r) ""C,^„ K0\Ju^,x„p{Odi 



\a+l3\<2N 
\a+l3\<2N 



■Xfi 



Since 1 ® G (M") then from lemma [2.191 and proposition 1 2 . 51 we obtain that 
that there are constants A^p > such that 



Hence 



XI |Ca/3|^a/3 | l|W|lsS„x- 

a+l3\<2N 



□ 



For A e EndR (K") and m e 6C (M") put ux^uoX. 



Proposition 2.22. If X e Endu (M") is invertible and u e (M"), i/ien wa G 
S^j (M") anrf t/iere is C £ (0, +cx)) independent of u and X such that 

IIuaIIss, ^ |det Ar"/P (1 + ||A||)" \\u\\s.^ . 

Proof. Let x G (K") be such that J x (x) dx = 1. We shall use the notation 

ll'lUs, ll'liss, X' "'^^^ 7" > be such that suppx C {x : \x\ < r}. We denote by Xi 
the characteristic function of the unit ball in R". We evaluate 



"^<^'^>it(Ax)x(a;-y) da; 



Since ~ v) X ~ ^ implies |a; — y| < r and |Aa; — z\ < r, we get that 

\z — Xy\ <'r(l + ||A||) on the support of the integrand. So 



X (2^ - y) X (Aa; - z) = X (a; - y) X i^^x - z) Xi 



r{i+m) 
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Therefore 

iO ^ J J e-^^'''^'^ (uTzX) (Ax) x{x-y) Xi (i _^ ||^||) ) ^^^^ 
= (27r)-"| xi (^(f^^) (// e-i^^-^^e^^--^'") («r,x) (Ax) x W dxdr;) dz 
and 

-i(x,?)gi(x-y,r,) ^ ^^^^ 

(x,'A-i5-r,)-i(y,*A„) ^ ^t^^^ ^^^^ 

e-^(^'*^'')tif:x (*A-'e - X CAt?) d77 

= y e-^(^'«-*^")t2f;x(^?)x(C-*A77) d,7 
so 

(0 = (27r)-" j J e-'(y-^-'^)xi (7^^^^) ^ (^) X A?]) dr?d. 

= {2n)-" J J e-^(^'«-'^")xi { r{l + \\X\\) ) (^) X Ar;) dr,dx. 

If y G M" then 

ImTt^ (0 1 < (27r)"" / / ^1 ( r(l + ||A||) ) 1"^"^^^ ('^^ Nx -* A?7) | dr^da: 
From this we obtain that 

|wr^(ordy 



< (2^)""/ / Xi (^r^Y^pq^) |x(^- A77)| |uf;:;i^x('7)rdy^ ^""d^ydx 
= (27r)-" Idct Af^/^ 1 1 xi [^r^^^J^^) |X (C -* A^) | C/^,, (v) drjdx 
= (2^)-" r" |det Xr'^P (1 + II AID" Vol ({|x| < 1}) J U^,, {rj) |x -* \v) \ 
which by integration with respect to ^ gives us 

lluJI^. < (2^)-"r" Idet Ar^/^ (1 + ||A||)" Vol ({|a;| < 1}) ||x||^, H^^IU^ • 

□ 

We shall give now an example which will be developed later in section [6l 
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Let r c M" be a lattice. Let x e 5(M"). Then $r,x = E7er ^7X1 > 0' 
$r,x e (R") and we have 

^r,x < Pn+i (x) X] (•)""~^ = Pn+l (x) /n+l 



7er 



< Pn+l (X) 



J (y) " dy = (x) Cr,„ 



where 

Pn+l (x) = sup^eR„ (a;)"+^ Ix (a;)| . 
We introduce the Banach space 

iff+i = {ueS' (R") : a«u e (R") , Va, |a| < n + l} , 

|c«|<Tl+l 

Lemma 2.23. H^+'^ ^ (M") . 
Proof. For 7 G F we have 



< c 

< c 



-n-1 



-n-1 



\a+0\<n+l 



1 1,1 • 



|a+/3|<n+l 



By summing with respect to 7 e F we get 



76r 7er"' 



< c {.)- 



C 

c 



(•)" 



E E/l^"-7(3^x)|d. 

E / \d-u\J2\T,{d^'x)\dX 

\a+i3\<n+i jer 



\a+f3\<n+l 



< CCr,n (•) 



-n-1 



5] p„+i {d>'x) lia^nl 



la-|-/3|<n+l 



< CCr,n 

< CCr,n 



(•)" 



(•)" 



1,1 



X Pn+l(5^x) E 



\0\<n+l 



|a|<n-|-l 



1,1 



\l3\<n+l 



Hence 



5i„;,<ccr,n||(->-""i^, E Pn+l (s'^x) IHlHr+- 



\0\<n+l 
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□ 

Let 

5™ (R") = {u e C°° (R") : < C„ (•)'" ,Va} . 

Corollary 2.24. If m > n, then Sq"' (R") ^ S'i (R") . 

3. A SPECTRAL CHARACTERIZATION OF THE IDEALS 5*^ 

Lemma 3.1. (a) Let x e 5 (R") and u G 5'(R"). Then x{D)u G 5' (R") n 
C^; (R"). /n/aci iwe have 

X (D) u ix) = (2^)-" (u, e'^-'\) , X e R". 

(b) Let ueV (R") (or w e 5' (R")) and x e C^f (R") (or x e 5 (R")). T/ien 

R" X R" 3 (x, ^)^x{D-Ou (x) = (27r)-" (u, e^^^'-^x (• - O) e C 

is a -function. 

Proof Apply lemma El Let e 5(R;'). We have 

{xiD)u,ip) = (.F-i(xu),^) = (x«,^"V) = (27r)""(x5I,^^) 

= (27r)-" (.F (x?I) , = (2^)"" / e-^<--->x) ^ (^) 

= {27ry'" J (u,e^^'^'-^x)v{x)^x 

Hence 

X (I?) u (x) - (27r)-" (u, e^<-->x) , xGR^. 
Lemma 3.2. Let x e S (R") and u e S' (R"). T/ien 

Proof. Suppose that u,x G 5(R"). Then using 

T (e^<-'->x (• - O) (y) = f e-^<^-">e^<-'''>x (?] - 



= e^^--^^«>x(2/-a;) 

we obtain 

x{D-Ou {x) = (27r)-" / e^<-^''>x (^ - " (^7) 



(27r)-"y ^(e^<-);^(.-e)) (y)«(y)dy 
(27r)-"y e'^--y^^^x{v~x)u{y) dy 
(27r)""e^<^'«> y e-^<^'«>x(y-2;)w(y) dy 



□ 
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The general case is obtained from the density of S (M") in S' (M") noticing that 
both 



and 



depend continuously on u. 



□ 



Corollary 3.3. Let T C M" be a lattice, l<p<oo,xeS (M") and u e S' (R"). 
Then 



lx(^-0"llLP = (27r)-"[/x,p(0, 



and 



7er 



ip{r) 



(2^) " C/r,x.p,disc (0 , 



Corollary 3.4. Lei 1 < p < oo ^'^'^ u E S' (M"). T/ictt. i/ie following statements 
are equivalent: 

(a) u e 5P (K"); 

(b) There zs x e 5 (R") \ so t/iai ^ ^ ||x (-D - "IIlp *^ (^f^"); 

(c) There are x ^ ^ (R") \ ond T C R" a lattice such that 



7er \ 7er 



and ^ 



ixiD^^uij)) 



76r 



ip(r} 



is in (M"). 



Corollary 3.5. Let 1 < p < oo and x ^ S (R") \ 0. Then 



is a norm on 5^. The topology defined by this norm coincides with the topology of 
SP . 

Lemma 3.6. Let I < p < oo, x e S (M") and v e LP (R"). Then x{D)v e LP (R") 
and 

||xP)«ILp < W^-'xL^Mlp- 

Proof. We have 

xiD)v - .F-i(x-«) = (27r)-"^(x-s) 

- (2^)-"(27r)-"(^x)*(.^^) 
= T^^x*v. 

Now Schur's lemma implies the result. □ 



The corollarv l3.4l enables us to give a spectral characterization of the ideals Sp^ 
which is similar to the well known characterizations of functional spaces by means 
of dyadic techniques, the annuli being replaced here by cubes. 
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Let r C K" be a lattice. Let x e 5(K"). Then $r,x = E^er kiXl > 0, 
$r,x e 'SC (M") and we have 

$r,x < Pn+i ix) '^t (•)"""^ = (x) 

2«+i (sup^z)"+^)' 
vol (C) 

where 



< Pn+i ix) ^ 77;;^ — I iv) " ^ dy = Pn+i (x) Cr,n 



Pn+i ix) = sup^gR„ Ix {x)\ . 

We now state the spectral characterization theorem which is the core of this paper. 

Theorem 3.7. Let T d R" be a lattice, I < p < oo and u e S' (R"). Then the 
following statements are equivalent: 

(a) ueSP (R"); 

(b) There are Q — Qr C R" a compact subset (which can be chosen the same 
for all elements of Sp (R")) and (%)^gp C LP (R") such that 

supp(u-y) C 7 + Q, 7 e F, 

■yer 

Moreover 

Proof (a) ^ (b) Let Xr & (K") and i?r > be such that suppxr C B (0; i?r) 
and E7Gr '''iXv = 1- For 7 € F we set u-y = Xr ~ 7) 

Let V;, X e (R") be such that suppx C B (0; 1), / x (C) = 1 and -0 = 1 on 
i? (0; i?r + !)• Then ?/; * x = 1 o^. suppxr i-S- Xr ' ("0 * x) = Xr- It follows that 

(T7Xr) ((T7V') * X) = (T7Xr) (T7 (V- * Xi)) = ^"7 (Xr ' * x)) = T7Xr- 
Let 7 € F. Using corollarv l2.2l the identity (|2.3p we get 

XrP-7)" = Xr(^-7)((T7V')*X)(^)" 

= XriD--/) J 4'iC-l)x{D~0ud^ 

V'(C-7) Xr {D-^)x{D-0 ud^ 

Now we apply the integral version of the Minkowski's inequality and the previous 
lemma. We obtain 

IIW7IILP = llXr (^-7)"IIlp 

< / |V(e-7)IIIXr(^-7)xP-e)«llLpdC 

^ ll-^^'xrLi / |V'(C-7)lllxP-0^llLpde 
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By summing with respect to 7 G F wc get 
X1II%IIlp ^ ll-^"^Xr 



7er 



^ 11-^ ^Xr||iiSup$r,v>ll|w|||sP,x 

< Cr,n ||^"^Xr|LiPn+i W lll"llls£,x' 

where 

^^'"= — ^^r(c^ — y<^^ 

(V) = sup(0"+'|V(OI- 

(b) ^ (a) Let x G C^f (R"_)- Let Q C V = F g R" and let € (M") be 
such that if ^ I on suppx — Then 

f {1 - x{ii - £,) xv {"n - 1) = xiv- xv ("n - 7) 
fii-Oxiv-Oxj+viv) = xiv-Oxj+viv) 
(7 - X (?7 - % = xiv-Ouj iv) 
<p(7-0x(^-0«7 = xP-0% 

Hence 

X(Z)-$)« = Ex(i?-0% = E^(^-^)^(^-^)"T- 
By using the previous lemma we get: 

\\xiD-^)u\\^,<Y,\fil-0\\\^-'x\ 

which by integration gives us 



lP7lll,P 



= J\\x{D-Ou\\^,d^ 

< ll^"'x||ii /El^(^-^)IIKIlL.d^ 

7er 

= ll^"'xlLiE(/i^('>-oid^)ii«7ii 



7er 

= ||-^-'x||^JI<pILiEKIIl.- 

7er 

For ip, X, Xr G ^0° (^") above we have 
1 



<Cr,„||^-^Xr|| 
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with 

^--"= \oi(c) ^ /(^r""^^. 



□ 



Corollary 3.8. Let TcW be a lattice, 1 < p < oo and u G Sp (R"). 

(a) Then there are Q = Qr C a compact subset {which can be chosen the 
same for all elements of S^, (R")) and {uj)^^^ ^ ^qe\p oo] C^") ^'^^^ ^^^^ 

u = '^u^, supp(ut,) c 7 + <3, 7er 

and for any q € [p, oo] we have 

^llu^ll^, <oo, ||m|Is2, « X^IKtIIl. 

(b) X^^gr % converges to u in L'> (R") /or any g e [p, oo]. 

(c) X^^£rM7 converges to u in BC(R"). 

Proof. These statements arc obvious if we take into account the inclusions 

l<p<q<oo^Si (M") c SI (R") C SI (M") c S^ (R") C BC (R") 
and the definition of the family {u-y)_^^j., = Xr (-^ — 7) m, 7 e F. □ 

Corollary 3.9. S^ (R") C {^,^^,^^ L" (R") n BC (R"). 

Proposition 3.10. // 1 < p < 00, then S (R") is dense in Sp (R"). 

Proof. Wc showed that there is a compact subset Q C R", depending on the lattice 
Z", with the property that for any u € Sp (R") there is C LP (R") such 

that 

supp {uk) Ck + Q, fc e Z", 

X] <00,U= ^ Uk, 



E 



\Uk\\LP 



Let fco e Z". Then 



feeZ" 

so Uko S (R") and||ufej, ||_jp « ||ma;o||^p. Therefore, the series X^feeZ" converges 
to u in 5*^ (M"). In view of this convergence, it is sufficient to approximate Uk by 
elements of S (M") for any fc G Z". 

Lettp e (R") be such that suppi/? C B (0; 1), / (p (C) = (27r)". For £ e (0, 1], 
set (f^ = e~"'ip {-/e), ip = J^~^(p, = J^~^iPg = t/j (£•). Since 

^f^k = (27r)-"^^*nfe = (27r)-"^^*«fceCo°°(R"), 
supp (^^^Uk^ C supp(/9^ + supp (ufe) C sB{0;l) + Q c B (0; 1) + Q. 
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it follows that ip'^Uk E 5(M"). Then using the spectral characterization theorem, 
Lebesgue's dominated convergence theorem and ■(/' (0) = 1 we obtain that 

\\uk — 'ip'^Ukllgi' < Cst \\uk — tp'^UkWi^p as £ — > 0. 

□ 

The last result is not true if p = oo. Suppose that S (M") is dense in 5'^ (R"). 
Then there is i/> G 5 (M") so that 

n-^oo<c\\i-M\s^(R^)<l- 

EtpeC^ (M") satisfies 
then 

1 < 111 - v'^IL < 111 - V-IL + U - ^V-IL < ^ + ^ = 1 

contradiction! 

In the case of Sjostrand algebra we shall prove that BC°° (R") is dense in S^, (R"). 
The next result completes lemma [?751 

Lemma 3.11. If x ^ S (R") and u e (R"), then x{D)ue BC°° (R") and 

\\D'-x{D)u\\^^ < \\D''T-'xLi \Ml^- 

Proof. Since D"x [D) ^ = Xa i^) " '^ith Xa — ^"x ^ ^ (H^"); it is sufficient to show 
that xiD)ue BC{W') and 

\\xiD)u\\^^ < ll^-^xll^, |klL». 

In this case we have 

x{D)u = T^'^X*u. 

This representation implies 

\xiD)uix)-x{D)u{y)\ < \\T-'x [x - ■) - T'^X iv - ^ 
\\x{D)u\\^^ < \\T-'x\\li\Ml-- 
Hence x{D)ue BC°° (R") and 

□ 

Lemma 3.12. (a) 6C"+^ (R") C 5*^ (R") . 
(b) BC^ (R") is dense in S^, (R")- 

Proof, (a) If n is odd, then n + 1 is even and (^)"~'"^ is a polynomial in ^ of degree 
n + 1 . Then 

It follows that there is a continuous seminorm p on 5 (R" ) so that 
sup|z2f;x(0| < P(x)ll"ll6C"+i (0"""\ eeK" 
and ^ -> (0"""^ 6eW<?s (R") . 
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If n is even, then (^)" is polynomial in ^ of degree n. For 1 < j < we denote 
by Tj the closed cone : ^/n | > |^|}. Now we make use of a simple identity 

(0 = (0"" fe + ^y':F{{D, + i) {or [uTyx)) (0 . 

It follows that there is a continuous seminorm pj on S (R") so that 
sup |tn^A:(0| <^'j (x) l|w|l6C"+i ^eTj. 

j/GR" 

Since R" = Uj=i it follows that there is a continuous seminorm p on 5 (R") such 
that 

sup \^{o\<p{x)Mnc-+.{^r'-\ eeK" 

j/GR" 

with ^ ^ (0"""^ in (R") . 

(b) We proceed as in the proof of proposition l3.10l The spectral characterization 
theorem implies that there is a compact subset Q C R", depending on the lattice 
Z", with the property that for any u e Sg, (M") there is (ufe);,gz„ C (R") such 
that 

supp (ufe) C + Q, fc G Z", 

^ llufcllioc <00,U= ^ Mfe, 
feGZ" feGZ" 

fcGZ" 

Let /co e Z". Then 

fcGZ" 

so G (R") and HufcoH^^ ~ ll"feollL°°- follows that X^fcGZ" ^'s converges to 
u in 5^ (R"). Let x S (R") be such that x = 1 on Q. Set Xk = ^feX- Then 
previous lemma shows that Uk — Xk {D)uk G BC°° (K"), so for any finite subset 
^^CZ", E.g^ufc g6C°°(R"). □ 

Corollary 3.13. Let I < p < oo and u Cz S' (R"). Then the following statements 
are equivalent: 

(a) ueSP (R"); 

(b) There are Q C R" a compact subset (which can be chosen the same for all 
elements of Sp (M")) and (Mfc)^^^" ^ LP (M") such that 

supp(?2a:) C Q, 

\\uk\\LP < oo, 

feGZ" 

fcGZ" 

Moreover 

feGZ" 
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Proof, (a) ^ (b) There are Q C M" a compact subset (which can be chosen the 
same for ah elements of Sp (R")) and (w/c)fegz„ C LP (M") such that 

su-pp (vk) C k + Q, fc e Z", 

u = Vk- 

We set Uk = T^^ (j^kVk)- Then 

SUpp {uk) C Q, Vk= TkUk 

and 

Vk (x) = e^<^''=>Mfe (x) , llwfellip = \\uk\\Lp ■ 
(b) =^ (a) There are Q C M" a compact subset (which can be chosen the same 
for aU elements of Sp (R")) and (ufe)fegz„ C LP (M") such that 

supp(ufe) C Q, 

llufelliP < oo, 

We set Vk = ei<-''=>Mfc, A: e Z". Then 

Vk = TkUk, supp (wfe) C fc + Q, ll'^/cllip = lltifcllip , fc e Z" 
andu = ^fegz„i;fe. □ 
Lemma 3.14. Letl < p < oo, u e Sp (K") and {uk)f.^j^„ C (M") be such that 

supp(?2fe) C Q, ^ \Wk\\LP <oo,u= Y e^^'^'^^Ufe. 

feeZ" fcGZ" 

T/ien (itfc)fegz" (R") I'T'C? /or any a G N" there is Ca such that 

Wd'^Ukh, <Co.\\ukh., ker\ 

Proof. Let x ^ ^0° (I^") be such that x = 1 on a neighborhood of Q. Then 
Uk ~ XUfe, u/c = (-^ ""^x) * *^/£ for s-iiy A: G Z". It follows 

□ 

The sequence {uk)k^%n introduced in the corollarv l3.13l is defined as follows. We 
choose Xz" € (R") so that X^fegZ" Xz" (' ~ ^) — 1 ^-i^^ for k E Z" we put 

Uk = (T-fet^'fe) , Vk = (xz- (■ - k)u) . 
Hence for k e Z" we have 

Wfe = J^"^ (r_fc ((TfeXz")^)) = -^"Mxz" ■ 'Tfc^) 

= -^-^Xz" • (e-^^-''^^^.) = Xz" (^) (e-^^-'^^^^x) 
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where Sk = Xz- (D) o M^-^..^) , fc G Z". 

It follows corollary 13.131 that the Imear operator 

S : SI (M") ^ I' (Z", LP (R")) , Su = {Suu\^^„ 

is well defined and continuous. In addition we have that 

fceZ" 

On the other hand, the same corollary implies that for any x G (M") the operator 
R^:l^{Z'\LP (R")) ^ (R") , 

is well defined and continuous. 

If X = 1 on a neighborhood of suppx^n , then xXz" — Xz" ^"^^ as a consequence 
R^S = Id5P(ur.): 

R^Su - ^'^'^"^^ (^) ^fc" ^ E ^'^'^"^^ (^) ^Z" (^) (e-'^-^'^") 

= u. 

Thus we proved the following result. 

Proposition 3.15. Under the above conditions, the operatorR^ : (Z", (M")) 
SP (M") IS a retract. 

Using the results of ITrij section 1.18 we obtain the following corollary. 

Corollary 3.16. For < 6* < 1 

We shall now use the spectral characterization theorem to prove some properties 
of the ideals S"^ . 

Let A = *yl be a non-singular real matrix. Let $ — $^ be the real non-singular 
quadratic form in R" defined by (x) — — {Ax,x) /2, x e R". Then 

This formula suggests the introduction of the operator T4 : S (M") S' (M") 
defined by 

Tau= (27r)""/^ IdetAp e-'^e^*-^ 

Since 

= (27r)""/^ Idet^l^ e-^^^ei*^u 
= (27r)""/^|det^|^e-'^e^*^-M 

it follows that Ta : S (R") S (M") is invertible and T^^ = T_a. 
Remark 3.17. supp (Tau) = supp (u) . 
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Lemma 3.18. Let 1 < p < oo and u e Sp (M"). Then Tau G (M") and the 
operator Ta ■ (M") — > S^, (M") is bounded. In addition, the map 

GL (n, M) n S (n) 9 A ^ Tau e (M") 

is continuous. Here S (n) is the vector space o fn x n real symmetric matrices. 

Proof. Let u G S^, (R"). There are Q C M" a compact subset and {uk)k^in C 
if (M") such that 

supp (ufc) C fc + Q, A;eZ", 

u= y^^ Uk- 

feez" 

Let X e (M") be such that x = 1 on a neighborhood of Q. Then for any fc e Z", 
Ufe = (t/jx) • Wfe so 

«fe = (j^-i (Tfcx)) * «fc = (e^<-''=>.F-i (x)) * Wfc = (e^<-''=>v) * 

where ip = (x)- If we set 

CA,n = (27r)-"/' |det e-"^, 

then 
Since 

where = (e^*'^V') it follows that 

\\TAUk\\L, < (27r)-"/^|detAp llufcll^^ 

= (27r)-"/2|detA|-^ 11*^11^1 llwfell^,, fc e Z". 
By summing with respect to fc e Z" we get 

feez" 

< (27r)-"/^|det^|-^||*^|L. W^^Wlp 

feeZ" 

« (2^)-"/^ IdctAf^ 11*^11^, llull^. 

Let Vo be a compact neighborhood of Aq e GL (n, M) fl S (n). Let S = {^j};>i C 
Vo be a sequence such that Ai ^ Aq. Then 
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in S' (M"). Let S' = {Ai^}^-^-^ = {A'^}^~^-^ be a subsequence of 5. Since Vq is a 
compact set and <S (M") is a Montel space, it follows that there is a subsequence 
S" = ^^^A'^^ } = {Aj'}j>i of ^' and f,9€S (R") such that 

in S (M"). Then / = e^'^^«ip, 9 ~ ^ (e^*-*o^^. So any subsequence of je^*-*! i/;}^^^ 
(respectively of { (e^*-*; V") };>i) contains a subsequence convergent to e^*-*o^ 
(respectively to (e^*-*o^/)^). This shows that 

in 5(IR"). 

Since Vq is a compact neighborhood of Aq, the map 

GL (n, M) n S (n) 9 A ^ *A = (e'*'^V') e 5 (M") 
is continuous and 

WTAUkh, < {27^y''^^\detA\i\\^A{A■+k)\\^^\\uk\\L, 

= (27r)-"/'|detA|-5 II^aILi llwfelliP, fceZ",AeFo, 
there corresponds a constant C = C {Vq, n) such that we have 

Arguing as above, we can show that for any k G Z" the map 

is continuous. Otherwise, we put (j) = e^< ''^)'0 and use Fourier transformation to 
obtain the equality 

:^(e^*^ * (e^<-''=>V)) = (27r)"/'|det^r'e^e^*^-i0. 

Now the results already proved show the continuity of the maps 

A^T (e'*^ * (e^^-'^V)) , A e^*^ * (e^<-''=>v) • 

It follows that the map 

A Tauh = CA,„e^*-* * Uk 

= CA,n (e^*^"M/A {A ■ +k)) * Uk e LP. 

is continuous. 

Finally by an e/3-argument we obtain the desired continuity. More specifically, 
for Vq and e > there is Jo > and finite set c Z" so that \\A — Ao\\ < 6o 
implies A £ Vq and 

^ llT^Mfcll^, <e/3, AeVo. 
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Let < < (5o be such that ||A — Ao|| < (Jg imphes 

o^fc II j^p < e/3. 

keF, 

Then for ||A - Ao|| < we have 

\\TaU-TaoU\\sp^ « J2 \\TAUk - TA^UkW LP 

< \\TAUk - TA„Uk\\ LP + W^AUkW^P + 11^-40 "fclliP 

< e/3 + e/3 + e/3 = e. 

□ 

We shall now use the spectral characterization theorem to obtain a new proof of 
lemma [^.211 fc). We start with an auxiliary result. 

Lemma 3.19. (a) Let u e S' (w"' x M""^, f,g e S (w''^ and h € 5(^M""). 
Then 

{u, (/ * g) ® /i) = / / (a;') {u, (r^^g) (E) h) da;'. 



(b) Let f £ L^ (m"'), .9 e LI (r"") and u e L^ (m"' x R""), w/iere p, g e 



|l,c»l, i + i = 1. T/ien 



V {x') = f {y') g {y") u (x' - y' , y") dy'dy", 



defined almost everywhere, is in L^ (^R" j and 

Mlp < II/IIli Ml" \Mlp ■ 
Proof, (a) Let F e S' x R"' x R""^ , defined by 

F {x', y', y") = / {x') g {y' ~ x') h {y") ^(f®g®h)oS {x' , y' , y") 

where 

5 : R"' X R"' X R"" ^ R"' x R"' x R"", 

/ I 

S {x' ,y' ,y") = [x' ,y' - x' ,y") , S = \ -1 I 

\ I 

X R""^ and calculate (1 ®u,F). We have 

{l®u,F) = {l{x'),{u{y'y)J{x')g{y'-x')h{y"))) 

f {x') {u, {T^,g) ® h) dx' 



and 

{l®u,F) = {uiy',y"),{l{x')J{x')g{y'-x')h{y")}) 

- {uiy',y")Aif^9)^h)iy',y")) 

= {u, {f*9)<E> h) 



40 



GRUIA ARSU 



hence 



{u, {f*g)(^h)= / / {x') {u, {T^,g) O h) dx'. 



(b) Wc evaluate // |/ {y') g {y") u {x' — y', y")\ dy'dy". Using Holder's inequality 
we obtain: 

\v{x')\< II \f{y')g{y")u{x'-y',y")\dy'dy" 

= / \9{y")\\u{x'-y',y")\dy"yy' 

- I l5(y")rdy"y^' (^1 \u{x'~y',y")r<iy"y\y' 

= NL,/ \u{x'-y',y")\'dy"y''dy' 



Next we apply the integral version of the Minkowski's inequality: 

i/p 



\Hlp < 



Ml. I \fiy')\ (/ \u{--y',y"rdy" 



dy' 



LP 



imLi MIlp 



LP ■ 



□ 



Suppose that M" = M"' x R"". Let u G S' (w"' x M"") be such that u e 

f (W"' X E""). Then = (27r)"" (u, e^<^'->) is a smooth function with slow 
growth which can be extended to an entire analytic function in C". Therefore v = 
is well defined and v e S' (^R"') . Let x' e Cg° (^K"') and x" S C§° (^M"") 



|R"'x{0} 

such that X = x' ® X" = 1 oil ^ neighborhood of the support of u. 
Lemma 3.20. Let (p € S (w"'^ . Then 

{v,^) = {2n)-''" {u, (^x')®x")- 

Proof. We have 



u{x',x") = (27r)-"^u,e^<^'->^ = (27r)-"^u,e^<^'->x 
= (27r)-"(s,e^(-''-)x'®e^(-"'-)x" 

= (27r)"" ( W, Tj^'X' ® Ta;"X" 



Hence v{x') = u{x',0) = {2ir) " ^m, r^'X' ® X"/ is a smooth function with slow 
growth which can be extended to an entire analytic function in C" . Applying 
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lemma [3. 191 (a) we obtain that 

= (27r)"" J ^ ix') (li, T^'X' ® P) dx' 

= (27r)-"" ^u,^®^^ 
= (27r)-""(S,((px')^x")- 

□ 

Corollary 3.21. supp (?;) C (supp(u)) . 

Otherwise, we can use lemma 13.11 Suppose that M" = M" x R" . Let u £ 
S' (W'' X M"") and X e 5 (w'' x K"") . Then x{D)u e S' (M") n C^i (M"). In 
fact we have 

X {D) u [x) = (27r)-" (u, ei<^'->x) , x&W. 
If (uj)jgp, C 5' {W'' X M"") , ^ u in 5', then for any a; € R" we have 

X (D) u, {x) - (27r)-" e^<-'->x) ^ (27r)-" (u, e^<-'->x) = X (C) " W ■ 

Using Banach-Steinhaus' theorem it follows that there is a seminorm p on 5 (R") 
such that 

\x{D)u,{x)\<p(e'^^^\). 

Therefore there are C > and e N such that 

\x{D)uj{x)\<C {x)^ , xeR". 

Since x{D)u e 5' (R") n C^^, (R"), = X W|r-' x{o} is well defined and 

G S' (r"'^ n C;^^; {w^'Y if (mjOj^n C 5' {w^' x R"") and ^ u in 5', then 

iijx = X Uj|Rii'x{o} ^ ''^x ^ X W|]g„'x{o} pointwise and there are C > and 
TV e N such that 

\v,^{x')\<C{x'f , x'eR"'. 
Using the dominated convergence theorem we obtain — > in 5' ^R" ^ . 

Lemma 3.22. Let ip e S (w"-'^ . Then 

("x''^') = (27^)"" (")X('y3(X) 1)) . 
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Proof. It is sufficient to prove the equality for u G 5 (m" x M" ^ , the general case 
follows by continuity. Let u G 5 (m."' x R""^ and ip e S (k"-'^ . Then 

- (27r)-"" 

- (27r)-""(t2,x(^®l)). 

□ 

Lemma 3.23. Let L C M" &e a linear subspace. Then the map 

SI (M") 3u^u\L^Sl (L) 
is well defined and continuous. 

Proof We can assume L = K"' x {0} where R" = M"' x M"" . By corollary [SJ] 
there are a compact subset Q c K" and a sequence (ufc)^,^^" ^ (M") such that 

u = Wfc, supp [uk) C k + Q, fc e Z" 

and 

XI II "fell LP < ll"lls£ ~ 51 ll^felli" • 

The series J2keZ" "fe converges to u in SC (M"). 

Let V = W|jj„'^|Q-j and = i*fc|Rn'x{o}' ^ G Z"- Then by the previous lemma 

supp (wfc) C prjj,„/ (supp (ufc)) C fc' + prjj„/ (Q) , fc = (fc', /c") G Z". 

Let x' e 5 (^M"') and x" e 5 (^R"") be such that x' « x" e C;f (^R"' x M""^ and 
x' x" = 1 on a neighborhood of the set Q. Then ^x' ® x"^ = Hence 



; eH-^fe )x' eH-^fe )x" ) * Wfe = "fc, fc G Z". 
It follows that 

«^fc(a:') = (ei(-''-')x'®e^<-0;t") *ufc(x',0) 

3^(^'-'=') x' (?/') e'iy"-'")x" [y") Uk {x' - y', -y") dy'dy". 



If we use lemma 13.191 we obtain that Wk G (m." ^ and 

llw^fclliP < llx'ILi||x"IL,ll"fc|lLP, fcez" 

Let k' G Z"'. Put 

Vk' = X W[k\k")- 
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Then Vk' G LP (r"') , 



\\vk'\\LP < IIx'IIli IIx"IIl<! X] ' 

fe"eZ"" 



supp {vk') C [J supp {w(k',k")) Ck' + prR„/ (Q) , fc' e Z"' 
/s"ez"" 



and 



X] ll^fc'ILf < llx'ILi IIx"IIl<) I ir"(fc'.fc")iii,p 
= llx'ILi llx"IL. E KIIl. <oo. 



feez" 

Hence u e Sg, (^K"') and \\v\\gp < Cst \\u\\gp^. □ 



The spectral characterization of ideals S^j enables us to establish Holder and 
Young type inequalities i.e. 

(1) 5£ • 5« C 5; if 1 < p,g,r < oo and i + i = i. 

(2) L« * 5S C 5; if 1 < p,g,r < 00 and i + i = 1 + i. 

Lemma 3.24. Let u,v€S' (K"). 

(a) Ifu,vG£'{W), thenuv gS' (W), uv = {2^^ u * v and 

supp {uv) C supp (u) + supp {v) . 

(b) // u e LP (M") ,v e LI (M"), where 1 < p,q,r < oo and ^ + ^ = 1 + ^, then 
u^vGL"- (M") C S' (M") anrf pgr 

supp {iT^v) C supp (u) n supp {v) . 

Proof, (a) Since u,v G 5' (K") it follows that u{x) = (27r)"" (m, e^^^-')), v (x) = 
(27r)~" (v, e^^"^''^). Therefore u and are smooth functions with slow growth which 
can be extended to an entire analytic functions in C". Hence uv G «S' (M"). We 
have 

(^{2ir)~^ u*v^ = (27r)~" uv = uv = uv = Twv. 

Here we used the relation w = (27r)" w, w € S' (M"), where w {x) = w {—x). Since 
is an isomorphism it follows that uv = {2tt)~" u*v. 

(b) If w G iS (R") and v e L'^ (K"), then uTv = wv and supp (uTv) C supp {v). 
Let u G LP(M") and w G L« (E"). Let (wjO^g^ C such that ^ u in 

LP (R"). Then m^- *?; ^ u*?; in L'' (R") C S' (R"). Hence ^If^j ^TTS in 5' (R"). 
Since supp (iIjTt;] C supp (v) for any j e N, it follows that supp ({TT^ ) C supp (t;) . 
Similarly, it is shown that supp (u*1j) C supp (u). □ 

Proposition 3.25. Let I < p,q,r < oo. 

(a) If I + 1 = 1, then SP^- SIC SI. 

(b) 7/i + i = l + i, i/ien L9*S£C5;. 
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Proof, (a) Let u e and v € S!^. It follows from corollary 13.81 that there are two 
compact sets Qu,Qv C M" and two sequences (ufe)fcgz>i C (M") and {vi)i^^„ C 
(R") such that 

u = ^ Ufc, supp (ufe) C + Q„, e Z", 
= supp(u/) c / + Qi,, ; e Z" 

and 

51 II "fc II LP < hllss ~ H ll^'^lli"' 

51 II"' II < ll^lls^ ~ 5Z ll^'lli' ■ 

The usual Holder inequality implies UkVi e (M") and < ||M/c|liP ll^dli?- 

For each m S Z" we put 

Then w„ e L*^ (M") and 



m^Z" mGZ" k-\-l—7n 

- ii^/^iiip ii^'IIl^ 



fceZ" / VfceZ" 



\fceZ" 
Also we have 

supp(w„J C IJ supp(u^/)c IJ (supp(ufe) + supp(w;)) 

k+l—jn k+l—ni 

C IJ {k + Qu + l + Qv) (Im + Qu + Qv 

k+l—7n 

Hence uv £ S*^ and HuwH^r < Cst \\u\\gp \\v\\gq . 

(b) Let V € L'' and u G Sf^. By corollarv l3.8l there are a compact subset Qu C 
and a sequence (ufe)j.g2„ C (M") such that 

M = E "fe' supp (ufc) C fc + Q„, fc e Z", 

feeZ" 

and 

E ii^'^^iilp < ii"iis£, ~ E ii^^iilp • 

feeZ" fceZ" 
Let k E Z". Then the usual Young inequality implies v * Uk E L'' (M") and 
\\v*Uk\\Lr < Iklli^ IkfellLP- ^Iso we have supp (iTTu^) c supp(ufe) C k + Q^- 
Thus 

V * u — ''^ * ""fc; supp (if^Uk) (Z k + Qu, k E Z", 
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and 

Hence V * u £ Sl^, and \\v * u\\gr- ^ C st \\v\\ \\u\\ gp . □ 

4. SCHATTEN-CLASS PROPERTIES OF PSEUDO-DIFFERENTIAL OPERATORS 

(r e EndK(M")) 

The spectral characterization of ideals S'p allows us to deal with Schatten-von 
Neumann class properties of pseudo-differential operators. 

Let r G EndR (R") = M„xn (K), a e 5 (M" x M"), v € S x M"). We define 

Op^ (a) (a;) = a"" {X, D) v {x) 

= (27r)"" j I e^^^-^'^^o ((1 - r) a; + ry, rj) v [y) dydrj. 

If u,vgS{W), then 

(Op^ (a) V, u) = (27r)"" e^<^-'''''>a ((1 - r) a; ry, r/) u (x) (y) dxdydr/ 
= {{{l(S):F-^)a) oCr,u(g)v) , 

where 

Ct- : M" X R" ^ R" X R", (x, j/) = ((1 - r) x + ry, x - y) . 
We can define Op^ (a) as an operator in B {S, S') for any a & S' (R" x R") by 

/CDp^(a) = {{l(^:F-')a)oCr 
Let a = e^«^''=>+<''''»6 = (e^<-''=> O e^<''->) 6, 6 e 5(R" x R"). Then 

= (27r)-" e^<^-^'''>e^(«i-")"+"^''=>+<''''»6 ((1 - r) x + ry, r]) u (x) {y) dxdydr/ 

= (27r)-" e^(^+^i-^v-(i-T)i),r,)^^^-^ -t){x + tI) + t {y - {1 - t) I) ,7]) 

■ u (x) e^^i^-''>'k)v (y) e'^^^-'^^dxdydr?. 
Using the change of variables X = x + tI, Y = y — {1 — t) I we obtain further that 

= (27r)-" JJJ e^^^-^'^'^t ((1 -t)X + tY, rj)u{X- tI) ei«i-)^'^> 

■v{Y+{1-t)1) e^'^^Y,k)^!L{-{{l-r)rl,k) + {{l-T)rl,k))^x&Yd.'n 

= (27r)-" e^<^-^'''>6 ((1 -t)X + tY, v)u{X - rl) e^«i-)^''=> 

■v{Y+{1-t)1) e'<^'^''=>dXdFd?7 
= (0p, (6)y(T,fc,Z)^;,[/(r,fc,Z)«) 

= {U{T,k,l)*Op, {b)V{T,k,l)v,u). 
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Hence 

Op^ (a) = [/(T,fc,0*Op^ {b)V{T,k,l) 
where V (r, fc, I) and U (fc, I) are unitary operators defined by 

V{T,k,l)v{y) = v{y+il-T)l)e'^^y''^\ 
U{T,k,l)u{x) = M(.T-T/)e^<(i-^)-^''=>. 

Theorem 4.1. Let 1 < p < oo, t e R and a £ (M" x M"). T/ien 
Dp, (a) = a" (X, i^) e 6p (L^ (M«)) 

where Bp (L^ (R")) denote the Schatten ideal of compact operators whose singular 
values lie in V . We have 

||0p^ (a)llH^ < Cst\\a\\gp^ . 

Proof. Let a e S'J, (M" x M"). By corollary 13 . 8 1 and lemma [3. 141 there is a sequence 
(afeOfe.zez- ^ nC°° (K^™) such that 

with convergence in S' (R" x R") and 

WaM\\L,<C^\\aki\\L., A:,/eZ",aeN2", 
X! ll^fe'llLp ~ II^IIsS, ■ 

It follows that 

= ^ U{T,k,l)*Q^^[aki)V{T,k,l). 

Since for any N £ N there is Cat > such that 

< Cat llafeillip , k,leZ", 



sup 

\a\,\0\<N 



LP 



then using results from [AlJ and [A2] . it follows that Op, (oki) G Bp (L^ (R")) and 
there is N E N such that 

l|op. (afci)||« < Cst sup lla^a^afcilL 

|a|,|/3|<Ar 

Since 1^ (r, fc, ^) and f/ (r, fc, Z) are unitary operators it follows that the series 

U{T,k,l)*Qp^iaki)V{T,kJ) 

feJeZ" 

converges in Bp {L^ (R")). Hence Op, (a) = (X, D) e 6p (L^ (M")) and 

||0p, (a) 1 1 <Cst ^ II 
fe.ieZ" 

□ 
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Let T G EndM (M") = A/„xn (R)- We associate the quadratic form 

6r : M" X M" ^ M, 

= (rx,O = ^((™,O + (a;,*T0) 

The symnietric operator associated to 9^ is given by the formula 
Ae, = Ar 

*r 
r 

*r 0\/l 0\/0 I 

^0 lyvo T )\1 

We have 

det^^ = (-1)" (detr)^ 

Let T e EndM (R") = Af„xn (R) and a e Sg, (R" x M"). The Weyl symbol of 
the operator {X, D) is given by 

where 

Let r e EndM (R") = M^xn (R) and A S R \ {i} be such that det (A - r) 7^ 0. 
If a e 5^ (M" X K"), then using lemma twice we obtain that 



a 



,A II 

ui II5P 



< Csi ||a||gp 



and 



K.IUp < Cst\\a^\\^^ < Cst\\a\\ 



We remark that a^{X,D) = Dp^ (a) = Opi (aj^) = (aj;)^ (X, £)) and e 
(R" X R"). From the previous theorem it follows that for any t e EndR (R") = 
M„x„ (R) and for any a E Sp (R" x R") 

Op^ (a) = a" (X, i^) e Bp {L^ (R")) 

and 

||0p^ (a)llg^ < Cst llall^p . 

Thus we obtain an extension of the previous theorem to the case r g Endg (R") = 
M„x„(R). 

Theorem 4.2. Letl < p < cxd, r € EndR (R") = M„xn (R) and a e Sp (R" x R"). 
Then 

Op^ (a) = {X, D) e (i^ (R")) 
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where Bp {L^ (R")) denote the Schatten ideal of compact operators whose singular 
values lie in P . We have 

||0p, (a)lle^ < Cst||a||sP . 

Let To e EndR (M") = M„xn (R) and Aq G M \ {5} be such that det (Ao - To) ^ 
0. Put 

= {r e EndR (R") EE M„x« (K) : det (Ao -t)^Q} 

Then Vb is a neighborhood of To. 

If T e Vb and a G SI (R" x R") then 

ai- = e"'i-^"^''^'''^^a = e^((^-^")^-^«) a G 5^ (R" x R") , 

hence 

Op^ (a) - Op^^^ (a) = Opi (^ei((Ao-T)I3.,D5)^Ao _ gi((Ao-To)D,,I35>^Ao 

I. 

(X, D) - (X, D) = (^e^«^°-^)^-°«>a^° - e^<(^«-^°)^-°f >a^°) ' (X, D) . 
From the previous theorem and lemma [3. 181 it follows that 

||0p^ (a) - Op^Ja)||g <Cst e^{{^o-r)D^,Di) ^Xo _ ^1{{Xo-to)D^,D,) ^Xo 

when T — > To- Thus we proved the following result. 
Theorem 4.3. Let 1 < p < 00 and a e Sp (R" x R"). Then the map 
EndR (R") 3 T ^ Op^ (a) = {X, D) £ Bp {L^ (R")) 

is continuous. 

5. schatten-class properties of pseudo-differential operators 

(continue) 

In this section we consider pseudo-differential operators defined by 
(5.1) Op{a)v{x) ^ [ [ e^<''~«'^^a{x,y,9)v{y)dyde, ue5(R"), 



with a £ SP (R3"), 1 <p < cx). 

For a e S!^ (R'^") such operators and Fourier integral operators were studied by 
A. Boulkhemair in |B2j . In [B2| , the author give a meaning to the above integral and 
proves L^-boundedness of global non-degenerate Fourier integral operators related 
to the Sjostrand class Sw = S"^. The results that we need are proved in the 
appendix [Xj 

Assume for the moment that a eS (R^"). Then there is ao £ S' (R" x R") so 
that Op (a) — Opq (ao). We shall now derive an expression which will connect the 
symbol ao with the amplitude a. One can express ao in terms of a by means of 
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Fourier's inversion formula and Fubini's theorem. Let u, v ^ S (M"). Then 
{Op{a)v,u)= jjj e^^^-y'^'>a{x,y,e)u{x)v {y)dxdyd9 

= {2TTy'' JJ j e^^''-y^''''a{x,y,e)u{x) (^J e^^^'^^d (0 d^^ dxdyd0 

= {2Try" JJ e^<^'«> (^JJ e-^^''-y'^-''^a{x,y,e)dyd0^uix)d{Odxd(, 

= (OPo (o-o) V, u) 

with 

ao{x,0 = JJe-'^''-y'i-'^a{x,y,e)dyde 

= (5 (g) e^*) * a (x, a;, ^) 

where $ : K^" — > M is the non-degenerate quadratic form defined by $ (y, 6) = 
— {y,6). Hence 

Op(a) = Opo(ao), ao = e^*) * 0,^, L = {{x,x,^) : {x,^ ^M.^''} . 
Next we show that a G ^ ao G Sp (M^"). 

Let A be a real non-singular symmetric n x n matrix. We denote by $ = 
the real non-singular quadratic form defined by $a (a;) = — {Ax,x) /2, x G R". We 
first recall that 

^ (^) = (2^)"/2 |det e^e-^(^"^€'€)/^ 

We shall consider the operator Sa = I<S)Ta : S {R"" x W) ^ S' (R™ x M") defined 
by 

Sau = (27r)""/^ |det A|5 e""^ {5 O e^*-^) * u. 

Then 

5l^t = (27r)-"/^|detA|5e-^ (l0?*^) •«= (l®e^*^-0 -u, 



S-AU = (lg)e'*-^-i) • 



so 5a : 5 (M" X R") 5 (R™ x R") is invertible and 5;^^ = S-a- 
Remark 5.1. supp (jSAuj = supp(u) . 

Lemma 5.2. Let 1 < p < oo and u e Sp (R™ x R"). Then Sau e Sp (R™ x R"). 

The map Sa : SP (R™ x R") -> SP (R™ x R") is continuous. 

Proof. There is a compact set Q = Qz'^xZ" C R"* x R" such that each u G 
SP (R™ X R") can be written as a series 

U= ^ Ukl 

(fe,;)ez'"xZ" 
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convergent in S' (M" x M") with {uki)k,i(zi^ C (M™ x M") satisfying 

^ llwfedl^p < oo, ^ llwfeiliLp ~ ll^llss, • 

Let us note that supp {^SAUki^ C supp {uki) C (fc, Z) + Q, (fc, I) e Z'" x Z". 

Let X e C^f (R") and ft. e (M") be such that x «> ft = 1 on a neighborhood of 
Q. Then for any (/c, Z) e Z™ x Z", Ufc; (Tfex (g) r/ft) • u/c; so 

UM = (^"' (Tfcx) ® (Tift)) * Ufc, = ((e^<-''^'>V^) ® (e^< ''>i/)) * Mfei, 

where i/- = J^-^ (x), H = (ft). 
If we set 

C^,„ = (27r)-"/2|det^pe-^, 

then 
We have 

= (ei^-'^^^^A) ® (e'*^i?A(A-+0) 

since 

e^*-^ * (ei<-'>i/) (x) = I gi[-(A(x-,).x-,>/2+fe,0]ij (y) 



= e 

where Ha==T (e^'^^H). It foUows that 

WSAUkihp < (2^)""/' |det le'^-'^'^V-l^^ \\Ha {A ■ +OILi IMlp 

= (2^)-"/'|detAr^ llViii ll^feilliP, (fc,OeZ"xZ". 

By summing with respect to (fc, Z) e Z™ x Z" we get 

< i2n)--^'\detA\-'^m^,\\HAh. ^ ||K,i||^, 

(fe,i)ez™xZ" 

« (27r)-"/2|det^|-^|l^|l^,||H^||^,h||<,. 

□ 

Using the previous lemma and lemma 211 we obtain the desired result. 
Corollary 5.3. a e (R^") ^ aa ^ {6 ® e^*) * 0,^ e 5^ (R^") and 

llaollgp ^ C'si ll'^lls'' • 
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In [B2| . Boulkhemair extends the mapping Op(-) to elements of Sjostrand alge- 
bra Sw = S!^ and obtains a Hnear bounded operator BOp -.Sw (M''") BOp (a) S 
B (L^ (M")) which satisfies 

l|B0p(fl)|le(L2(R'.)) < C's* l|a|ls„ • 

Let 1 < p < oo. By theorem 14.21 and the above corollary it follows that for 
aeS (R3") we have 

Op(a) = 0po iao)eBp{L^ (M")) 

and 

l|Dp(a)llep = ll°Po («o)llep < C's*l|aollsp < C's^ IkllgP • 

Since S (M^") is dense in (M^") (see proposition l3.10|l . it follows that Op extends 
to a unique operator 

Op -.SP (m3") Bp (M")) 

which is the restriction of Boulkhemair operator to S^, (K.-^") . This is seen from the 
commutative diagram 

i /Op \ iBOp 

Bp (L2 (M")) 6 (L2 (R")) 

We have the bounded operators BOp|<;P (r3„) = BOp o jp : Sg, (M^") -> 6 (L^ (R")) 
and Jp o Op : Sp (M^") -> Bp (L^ (]R")) which coincide on S (K^"). it follows that 

B0P|S£(R3'.) = Jp ° Op- 
Proposition 5.4. Lef a e S"^ (R'^"). Lef Op (a) be the operator defined by ^A.5\ . 
(PO| . T/ien Op (a) G 6p (L^ (R")) and 

l|0p(a)ll/3^(L2(R„)) < Cst\\a\\gp . 



6. An embedding theorem 



Another proof of the main results on pseudo-differential operators of [Al| and 
[2] can be obtained using results from previous sections and an embedding the- 
orem. To formulate the result we define some spaces of Sobolev type. Let k S 



{l,...,7i}. Suppose that 



Let t = {ti,...,tk) e and 



1 < p < oo. We find it convenient to introduce the following space 

Hi (R") ^{ueS' (R") : (1 - Ar.O*'^' ® ... ® (1 - Ak^.)*'^" ^ e LP (M")} , 



(1- AK,n)*^/'®...®(l- Ak^.)*'^'^ 

For s = (si, Sfe) G M'' we define the function 
((•))' :M" = M"i X ... 
((•)r-(->E.n«... 
Then 

((Z?))^ = (1-Am"i)'^/'^...0(1-Ab 



LP 



u e Hp. 
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and 

= {u e S' (R") : ((D))* ueLP (R")} , 
\\u\\^. = {{D))'u uenl- 

'■p LP 

Let us note an immediate consequence of Peetre's inequality: 

((^ + ^))«<2Ni/2((^))^((^))N, ^,^eM" 
where |s|^ = |si| + ... + |sa;| and |s| = (|si| , \sk\) G R''. Wc put n = (ni, ...,nk). 



X ... X 



If ti > ni,...,tk > rik and 



Theorem 6.1. Suppose that R" = 
1 < p < oo, then 7^* (R") ^ Sp (R"). 

Proof. Let x e C(f (R") be such that E^gz- ^7% = 1- Let u e H*. For 7 e Z" we 
put = X {D — 7) u. Then 

M = ^M7, supp (u^) C 7 + suppx, 7 € Z". 

7er 



Next we shall show that {u^)^^j^„ C i?' (M") and J2 



•'7IILP 



< 00. Let 



7 e Z". Using lemma 13^ we get 

Wu-yW^P = IIxP-7)"IIlp 



LP 



< 



(((•)>" 




7)) 


(((•)>" 


x(- - 


7)) 




-7)) 





LP 



•Hi, • 



It remains to evaluate 

X (• - 7)) (^) = (27r)-" y e^<-'«> ((0)-* X (e - 7) 
= (2vr)-" ((x))-^" / ((i?))^" (e^<-^->) (0 ((0)"* X (e - 7) 



= (27r)-"((a;))-'"y e^^^^^^ 

We obtain 

|.^-'(((-»~*x(--7))||^^ <(27r)-"||((-))-'" 
with 



((^»'"(((-»"^x(--7)j (Od? 

((^))'" (((•))"* x(-- 7)) 



((^»'" X(-- 7)) ||^,< E ^^"||((-»"*5"x(--7) 



a|<2Ti 



Further we use Peetre's inequality to obtain 



((7))* ((•))"* 5"x(-- 7) 



((7))* / ((e))-*|a"x(C-7)|de 



< 2l*li/2 / ((e-7))*rx(e-7)|dC 



2ltli/2 



((•»*5"x(-) 
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where |t|^ — \t\\ + ... + |ife|. Hence 
((^»'" X(- -7)) 



. |a|<2n 



and 



, |a|<2r^ 



l^llwt ((7))" 



Using the spectral characterization theorem (theorem 13. 7p . it follows that u E 
SP {W) and there is C = Ct,„,x such that 



^IIU 

7er 



7lliP < C||u||.j^t . 



□ 



In fact, the result proved in the particular orthogonal decomposition M" = x 
... X M"''= is true for arbitrary orthogonal decomposition of R". 

First we shall associate to an orthogonal decomposition a family of Banach spaces 
such as those introduced at the beginning of the section. Let k G {l,...,n}, 1 < 
p < oo and t = {ti,...,tk) G M'''. Let V = (Vi,...,Vfc) denote an orthogonal 
decomposition, i.e. 

M" = yi®...®Ffc. 

We introduce the Banach space H^^y (M") = Wp^v-;;.*" (K") defined by 

(R") = {u e S' (M") : (1 - AyJ*^/' (g> ... (g,{l- AvJ"^^ u e LP (M")} , 



(1- AvJ*^/'®...® (1- AyJ*"/'. 



LP 



We recall that if A : M" — > is an isometric linear isomorphism, where V is an 
euclidean space, then (1 — Ayy^^ u ~ {1 — Ay^^ {uo X) o X^^ (see appendix [B| . 

If A : M" R" is a orthogonal transformation satisfying A(R"i) — Vi, 
A (R"'') = Vk, then the operator 

^p:v;:*V. (I*") 9 w w o A e w*^«.i,...,^„, (R") = ni (R") 

is a linear isometric isomorphism (see appendix [B| . Previous result and the invari- 
ance of the ideals S*^ to the composition with A G GL {n, R) imply the following 
corollary. 



Corollary 6.2. Suppose that R 
and I < p < oo, then 'H*py^'*''y^ 



Vi ® ... ® Vfe. Ifti > dimT/i, ...,tfc > dimVfc 
) =^^£(K"). 
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Let Y — (Vi, Vfe) be an orthogonal decomposition of M". Let 1 < p < oo and 
s = (si, Sk) e N'=. We define the Banach space ClyiR") = Cly^ vj^^') by 

CsVi,....v.(»") = e 5'(M") : d^l...d^;:u G if (R") , |ai| < si, |afc| < Sfe} , 
ll^llp,s,v = '^^^{PvI--9v!:^\\lp ■ - si,-,\ak\ < Sfej . 
A consequence of Mihhn's theorem is the equahty 

Put mi = [^^i^] + l,...,TOfc = [^^^] + 1 and m = (mi, Wfc). Then lemma 
5.3 in [Al| can be reformulated in this way. 

Lemma 6.3. Suppose that R" = V^i ... ® T4- Then there are ti > 

tk > such that Cv,,...^vJR") ^ Kyi:tv, for any I < p < oo. In 

particular there is 7 > such that 



I Hi 



(1- AvJ*^/'0...® (1- AyJ*''/'^ 

LP 

: |ai| < mi, \ak\ < m^j 
Here t = (ti, e R*^. 

By recurence we obtain the following consequence. 
Corollary 6.4. Suppose that R" = Vi ® ... © Vfe. Then there are <i > dim Pi ... 

■p,Vi,...,Vfc 



tfc > dim Vfc sitc/i f/iat C^^ ^^(I^") 



(K") /or ant/ 1 < p < 00. In 



LP 



particular there is 7 > swc/i f/iat 

(l-AyJ*^/'®...®(l-AyJ*'=/'u 

< 7hllp,2m.v = 7inax|||a^^\..9^^^u||^p : l^il < 2mi, \ak\ < 2mfc| , 
w/iere t = (ti, ...,40 € R''. 

Remark 6.5. If 1 < p < co, then using Mihlin's theorem we can replace 2m with 
(dimVi + 1, ...,dim Vfc + 1). 

Next we combine previous results with theorem 14.21 and theorem 14.31 to obtain 
a theorem which extends the main results on pseudo-differential operators of [Alj 
and 

Let 1 < p < 00, A: e {l,...,2n}, t = (ti,...,tfc) e R'' and s = (si,...,Sfc) e N*^. 
Let V ^ {Vi, ...,Vk) be an orthogonal decomposition of R" x R", i.e. R" x R" = 
Vi0...0Vfe. This decomposition determine the Banach spaces ^p^yj (11^" ^ IK.") 
and Cly^^ ,y,{^" X IK")- Put mi = [^^^] + l,...,mfc = [!^^] + 1 and 
m =(mi, ...,mk). 



Suppose that 



Theorem 6.6. Let I < p < 00 and t e EndR (R") = Af„x« (: 
R" X R" = Vi ® ... ©Vfc. 

(i) Let t = (ti,...,tk) E R'' be such that ti > dimVL,...,ifc > dim 14 and let 

a e H^^y;-;*'^, (R" x R"). Then 



Op^ (a) = {X, D) e Bp {L^ (R")) 
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where Bp {L^ (R")) denote the Schatten ideal of compact operators whose singular 
values lie in P . We have 

||0p, (a)llB^ < Cs<||a||sp . 

(ii) Let a e Cl^y^ . . v^{W x R"). Then 

Op, (a) = a" (X, D) e Bp {L^ (R")) . 

We have 

llOp, (a)IU^ <Cst|la|lp 2^_^. 

(iii) If 1 < p < oo, then we can replace 2m with (dim Vi + 1, dim Vfe + 1). 
In all cases the mapping 

EndR (M") 9 r ^ Op, (a) = a" {X, D) G Bp {L^ (M")) 

is continuous. 

Obviously we have similar results for the case p = oo, but we do not insist on 
them. If we note that {X, D) e B2 (L^ (R")) whenever a e ^ j^n-j ^ 

H2 (R" X R"), then the last theorem and standard interpolation results in Sobolev 
spaces (see |BH Theorem 6.4.5]) give us the following result. 

Theorem 6.7. Let p > 1 and 1 < p < 00. If t e EndR (M") = M„xn (IR) and 
Op, (a) {X,D)eBp{L^ (R")) . 

The mapping 

EndR (M") 9 r ^ Op, (a) = (X, D) G Bp {L^ (M")) 

is continuous and for any K a compact subset 0/ EndR (M") = Mnxn (R); ^/lere is 
Cif > such that 

{Q^P)\\p < C'a: ||a||^2Mn|i-2/p|^Q^ , 

for any t £ K . 

7. CORDES' LEMMA 

In [A2] . using properties of some Sobolev spaces proved by means of a dyadic 
decomposition of the unity, we obtained an extension of Cordes' lemma. This lemma 
is a basic tool in the method proposed in and [A2j to study the Schatten-von 
Neumann class properties of pseudo-differential operators. For technical reasons, 
mainly due to the complicate structure of the Sobolev norm of non-integer order, 
the parameter r g Endg (R") used in r-quantization is subject to some restrictions. 
More specifically, the parameter r belongs to the set 

U = {r e EndR(R") : |det(l -r)| + |det(T)| ^ 0} 
= {reEndR(R") :{0,l}^a(T)}. 

Remark 7.1. These restrictions appear only if we want that the regularity of the 
symbols should be minimal. If we relax the regularity condition on the symbols, 
then the set U can be taken the whole space EndR (R"). As consequence, the proof 
of theorem pJ] (t e R) works without problems for r € EndR (R"). 
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Using the results proved in sections [4] and [6] we can remove the restrictions on 
the parameter r. Thus we obtain a more general version of Cordes' lemma true 
for all r e EndR(R"). Accordingly, the restrictions on the parameter r will be 
removed from the results concerning the Schatten-von Neumann class properties of 
pseudo-differential operators. 

In addition to some results from 'A2], in the proof of Cordes' lemma, we shall 
use a particular case of theorem 16.11 

Recall the definition of generalized Sobolev spaces. Let s G M, 1 < p < cxd. 
Define 

\\u\\^^ = \\{Dru\\^,, uen;. 

Lemma 7.2. If s > n and 1 < p < oo, then (R") ^ (R"). 

To state and prove Cordes' lemma we shall work with a very restricted class of 
symbols. We shall say that a : R" ^ C is a symbol of order m (m any real number) 
if a e C°° (E") and for any a e N", there is Ca > such that 

|9"a(a;)| <C7a(2;)"-l"l, xeW\ 

We denote by 5™ (R") the vector space of all symbols of order m and observe that 

mi < m2 ^ (M") c 5™^ (M") , 5"^ (M") • 5™^ (R") c S"''+"'' (M") . 

Observe also that a e 5" (M") d°'a e (R") for each a € N". The 

function (a;)™ clearly belongs to 5™ (R") for any m € R. We denote by S°° (R") 
the union of aU the spaces 5™ (R") and we note that S (X) = flmGR'^™ 
space of tempered test functions. It is clear that S™ (R") is a Frechet space with 
the seni-norms given by 

l«La= sup (a;) |9"a (a;) I, a e 5'" (R") , a G N". 

Besides the earlier lemma, we use part (iii) of proposition 2.4 from 'A2\ which 
state that 



(7.1) J^-M Pi 5™ (M") J c (M") . 

\m<0 / 

Corollary 7.3. J^-' (n,„>„ (R")) U (n,„>„ (R")) C 5^ 
Proof. It is sufficient to prove the inclusion 



\m>n 



(M") C 5i (R") . 



Let m> n and s e (n, to). We shaU show that if a G 5 ™ (R"), then T ^ H^. 
Indeed, if u = J-^^a, then 

{DYu = T-^[{-Ya) e L^(M") 

since a G 5""'" (R") and s — m < 0. Using previous lemma we obtain that 
T~^a is in the Feichtinger algebra S"^ (R"). □ 

Using the above lemma, lemma 12.211 (b) , theorem 14.21 and theorem 14.31 we get 
the following extension of Cordes' lemma. 
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Corollary 7.4. Suppose that M" x R" = M"i x ... x R"*- . Let ti > m, tk > nu- 

Let ai e 5^*1 (R"i) , ...,ak G 5"*" (R"") and g : M" x R" ^ C, 

g = J^^ (ai)(g)...«) J^''' (ofe), 

w/iere J^t gif/ier T or T^^ . Lf t e EndR (M") = Af„xn (R), ^/len {X, D) has 
an extension in Bi (ji? (M")) denoted also by g"^ {X,D). The mapping 

EndR (R") 9 T ^ Dp^ (g) = g^ {X, D) G Bi {L^ (R")) 

is continuous. 

If we use this corollary insted of corollary 5.3 in [Alj . we recover the results from 
section [6] by using the method proposed in [Alj . 

Appendix A. L^-boundedness of global non-degenerate Fourier 

INTEGRAL OPERATORS. BOULKHEMAIR'S METHOD. 

The spectral characterization of Sjostrand algebra = can be used in the 
study of L^-boundedness of global non-degenerate Fourier integral operators, i.e. 
global Fourier integral operators defined by 

(A.l) Av{x)= j e^'^^'=^y^'''>a{x,y,e)v{y)dyde, 

where v E S (R"), a E (R" x R" x R'^) and : R" x R" x R'^ ^ R is a C°° 
function which verifies the conditions of | AF| i.e. there is > so that 

(A.2) \detD{ip){x,y,9)\>do, 

and d (if) E BC°" (R" x M" x R'') where d (ip) is an arbitrary element of the matrix 
DM- 

THE DEFINITION OF OSCILLATORY INTEGRAL ()A.ip . 

Let a e S'^ (R" X M" X R-^). According to corollary EH and lemma we 
have the representation 

(A.4) aix,y,9)^ ^ e^«-''=>+<^^'>+<^''"»a«„ (x, 0) 

(fc,;,m)ez2"+t' 

with {akim)(k.i,m)£i?"+^ ^ X R" X R"^) a bounded family satisfying 

Y l|afci™|li=o < oo, Y llofcimllioo « llallggo . 

We define the operator A as follows. For u, v E S (M"), the integral 

f gi(v(x.y,9)+(9.m))a^.^^^^ (^J, y, 6) e^^^^'^^ u (a;) e^<^^'>w (y) AxdydO 

makes sense as an oscillatory integral because akim G BC°" (M" x R" x R"). Put 

Uk{x) = e^^'^'''^M (x) , \\uk\\L2 ^\\u\\j^2 , 
VI (y) = e'<y'%{y), = ||^;||^, . 
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Now, since the phase function {x, y, 9) + {0, m) satisfies the same conditions as 
ip, we can use the resuhs of Asada and Fujiwara on i^-boundedness to obtain that 
there is iV G N independent of fc, Z, m such that 

<Cst sup ||9"afe;„J^^ ||ufe||^2 |K'/|1l2 

\a\<N 

< Cst ||afe;„J^oo \\u\\^2 \\v\\^2 ■ 

Here we used lemma [5. 141 Since 

llafcimll^oo < oo, l|afcim|lL=o « ||a||s^ 

(fe,i,m)GZ2"+" (fe,i,m)eZ2" + " 

we obtain that the series 
(A.5) 

V / e^(^(^'^'^)+<^'™»afc,™ {x, y, 9) e'^^'''^u [x] e'^^-^K (y) dxdyd9 = {Av, u) 

is absolutely convergent and that the operator A defined by this series satisfies 

\{Av,u)\ < Cst\\a\\g^ \\u\\^2 \\v\\^2 ■ 

It remains to show that the definition is independent of the representation (jA.4p . 
Let V G 5 {R") be such that ip (0) = 1. For e € (0, 1], we put = ip (e-) and 



e 



A,v{x)^ e^'^^''^y''^'>a{x,y,9)ij{e9)v{y)dyd9, v e S {R"") . 

This is an usual integral. Let u, v G S (E"). Then 

^'P('''y'0^a [x, y, 9) ^ {e9) u [x) v [y) dxdyd9 = (a, e^'^u ®v®il)^) = {A^v, u) 

and again the integral is an usual one. If 

a [x, y,9)^ Y ei«-''=>+<^''>+<«'™»afe,„ (x, y, 9) 

is a decomposition of a G S!^ (M" x R" x R'^) given by the corollary 13. 13[ then 

{A^v, u) = (a, e'-'^u (g) ?; (g) ip^) 

We obtain that 

{Av,u) - {A^v,u) = Y ^kim (e) 

k,Lm 

with 

ifeim (e) 

= / e^('^(^'^'^)+<*^"»afci™ (x, y, 61) (1 - t/; {e9)) e^^^-'^'^w (x) e^^^^'^w (y) dxdyd6' 
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Now lemma 13.141 implies the estimate 

sup |!a"((l-V")afeim)|lioo < C(V') sup ||a"afe,„,|j^„ 

\a\<N \a\<N 

< C'{ij)\\akirah^, (k,l,m)€Z^"+r 

It follows that the series J2k i m ^kim (e) is uniformly convergent. As for any (fc, I, m) 
£ I?"-'^" we have lim^^^o tkim (&) = it follows that 

lim I {Av, u) - {A^v, u)\=0. 

e— >0 

Hence 

(A.6) (v4t;,it) = lim = lim (a,e^'^u(g)'y(g)i/'^) , u,v e S [W) . 

Proposition A.l. Let a (R" x E" x R") and let (p : E." x W" x W R be 

a smooth phase function such that the Asada-Fujiwara conditions and ^A.3^ 

are fulfilled. Let A he the operator defined by ((X5| . ((Xg|) . Then A e B {L'^ (M")) 
and 

PIIb(l2(r-.)) < Cst\\a\\g^ . 

Appendix B. Convolution operators 

Let V be an n dimensional real vector, V its dual and (•, •)yy/ ■.VxV'^R 
the duality form. We define the (Fourier) transforms 

Tv,Tv ■■ S' {V) ^ S' (V) , 
Tv. Tv ■■ S' (V) ^ S' {V) , 

by 



i^vum = 


Jv 




u(x)dfi (x) , 


{Tyum = 


1'' 

Jv 




u{x)d^ (x) , 


{Tv'v){x) = 


h 

Jv 








h 

Jv 







Here is a Lebesgue (Haar) measure in V and /i' is the dual one in V' such that 
Fourier's inversion formulas hold: Tv'°J^v = '^S'{V)^ ^v°J'v — ^s'(V)- Replacing 
yu by c/Lt one must change /i' to c~^ [i! . These (Fourier) transforms defined above are 
unitary operators Tv^Tv ■ L'^ {V) {V') and Tv',~Tv ■ {V) {V). 

If V = R" we use fi — m -Lebesgue measure in V with the dual ji' = {2ti) " m 
in V' , so that Tv — J' and Tyt — , where T is the usual Fourier transform. 

Let A : R" ^ 1/ be a linear isomorphism. Then there is c\ £ C* such that for 
u G S iy) we have 

T {uo X) — C\ {J-yu) o^X^^ . 



= CA 

iv 
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Indeed, the measure mo A^^ is a Haar measure in V and therefore there is c\ G C* 
such that m o = c\ii. Then 

T{uo\) = [ e-^^y'-> {uo \){y)dy ^ [ e-^i^~''''-)u{x)d{mo X-^) (x) 
Jr" Jv 

( e-^'^'''^'')v,v'u{x)<liJL{x) = cx{Tvu)o*X-^. 
Jv 

Similarly it is shown that there is e C* such that for to e «S iV') we have 

JT-i [w o *A-^) = c'a (^v'w) o a. 

Let us note that the above formulas hold for elements in L^, S' , .... 
Since the measures fi and /u' are dual, we obtain that c^c^ = 1- 

uo\ = jr-ijr(MoA) = CAjr-i ((jr^,u)o*A-^) 
= CAC^ {Tv'J^vu) o A = cac'a (u o A) 
cac'a = 1. 

Let a : y ^ C be a measurable function. We introduce the densely defined 
operator a {Dy) defined by 

a{Dv)=7v'Ma.Tv 

Lemma B.l. Let A : M" ^ V" 6e a linear isomorphism. Then 
{a) ueV (a {Dv)) if and only ifuoXGV{{ao *A"^) (D)) . 
(b) For anyueV (a {Dy)) 

{a o *A"^) {D) {uoX) = a {Dy) uoX. 

Proof, (a) The following statements are equivalent: 

(i) u GV{a{Dv)). 

(ii) aJ^vu e (y) _ 

(iii) (aTvu) o *A"^ e (R") . 

(iv) (a o *A"^) (J^yu o *A"^) e (M") . 

(v) (a o *A"^) (m o A) e L2 (R") . 

(vi) uoAe I?((ao*A-^) (£»)) . 
(b) Let u e P (a (-Dy)). Then 

(a o *A-^) (£>) (uoX) = jr-iM„„tA-i-^ (u o A) = caJ^"^ [{MaJ^vu) o *A-^] 

= Cac'a (^yMo^yw) o A = a (Z)y)u O A. 

□ 

If a e C^i (F') then the operator a {Dy) = TyM^Ty belongs to B [S' {V)). In 
this case we have the following result. 

Lemma B.2. Let X : R" — > V he a linear isomorphism. If a G C^-^ {V) then for 
any u G S' {V) 

(a o *A"^) (D) (u o A) = a (Dy) uoX. 

Proof. By continuity and density, it suffice to prove the equality for m G iS {V). But 
this is done in previous lemma. □ 
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Suppose that (V, |-|y) is an euclidian space and that a is symbol of the form 

a = b{\-\y,), 

where b e C^j^ (M) and \-\y, is the dual norm of 

Let A : M" ^ y be a linear isometric isomorphism. Then *A~"'^ : R" — > V is a 
linear isometric isomorphism so that o 'A""'^ — |-|, where |-| is the euclidian in 
K". It follows that 

b{\-\y,)o^X-'^b{\-\). 
Using the previous lemma we obtain the following result. 

Corollary B.3. Let A : M" be a linear isometric isomorphism. If b G C^j^ (M) 

then for any u G S' {V) 

b{\D\){uo\) = b{\Dv\)uoX. 
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